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We report a calculation of the perturbative matching coefficients for the transverse-momentum-
dependent parton distribution functions for quark at the next-to-next-to-next-to-leading order in
QCD, which involves calculation of non-standard Feynman integrals with rapidity divergence. We
introduce a set of generalized Integration-By-Parts equations, which allows an algorithmic evaluation
of such integrals using the machinery of modern Feynman integral calculation.
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INTRODUCTION
Transverse-Momentum-Dependent (TMD) Parton
Distribution Functions (PDFs) generalize the concept
of PDFs by allowing the dependence on the intrinsic
transverse momentum of struck parton, beside the con-
ventional longitudinal momentum fraction. By probing
the the intrinsic confined transverse motion of parton
inside the nucleon, TMDs allow reconstruction of the
3D picture of nucleon structure, as well as probing the
parton orbital motion and the spin-orbit correlations
between parton and nucleon. The possibility of precision
measurement of TMDs in both pp and ep scattering also
probes fundamental aspects of QCD such as gauge in-
variance and (non)universality. For these reasons, TMD
PDFs play increasing central role in QCD theory and
phenomenology in high energy collisions [1, 2]. In light
of the unprecedented precision of the future Electron
Ion Collider in TMD measurements [3], perturbative
knowledge about TMD PDFs at the highest available
order is desirable, and is the main subject of this Letter.
The theoretical framework of TMD PDFs is substan-
tially more complicated than the conventional PDFs,
which is partly reflected by the existence of several dif-
ferent formulations of TMD factorization in the litera-
ture [1, 4–14], see Refs. [15, 16] for a discussion of the dif-
ferent formulations. In this Letter we adopt the rapidity
renormalization group formalism of Refs. [14, 17], which
is based on Soft-Collinear Effective Theory (SCET) [18–
22]. In this formalism, TMD factorization involves
both TMD beam function B and TMD soft function S.
Schematically, for Drell-Yan production at low q⊥,
dσ
d2q⊥
∼ σ0H(Q)
∫
d2b⊥eib⊥·q⊥B ⊗ BS , (1)
where σ0 is the born cross section for Drell-Yan process,
H(Q) is the quark electromagnetic form factor, and the
convolution is in the longitudinal momentum fraction.
The quark TMD beam function can be written as an
operator matrix element in a hadron state with momenta
P ,
Bq/N (z, b⊥) =
∫
db−
4pi
e−izb
−P+/2
〈N(P )|χ¯n(0, b−, b⊥) /¯n
2
χn(0)|N(P )〉 , (2)
where χn = W
†
nξn is the gauge invariant collinear quark
field [23] in SCET, constructed from collinear quark
field ξn and path-ordered collinear Wilson line Wn(x) =
P exp
(
ig
∫ 0
−∞ ds n¯ ·An(x+ n¯s)
)
in some null direction
n = (n+, n−, n⊥) = (2, 0, 0⊥) and n¯ = (0, 2, 0⊥). b⊥
plays the role of Fourier conjugate of the transverse mo-
mentum of the struck quark. The TMD soft function is
a vacuum matrix element of time-ordered and anti time-
ordered soft Wilson lines,
S(b⊥) = 1
Nc
Tr〈0|T [S†n¯ Sn(0, 0, b⊥)] T [S†n Sn¯(0)]|0〉 ,
(3)
where Sn(x) = P exp
(
ig
∫ 0
−∞ dsAs(x+ sn)
)
.
Similar to PDFs, the TMD beam function in Eq. (2) is
intrinsically non-perturbative. At leading twist it admits
a light-cone operator product expansion onto the PDFs,
Bq/N (z, b⊥) =
∑
i
∫ 1
z
dξ
ξ
Iqi(ξ, b⊥)φi/N (z/ξ)+O(|b2⊥|Λ2QCD) ,
(4)
where in principle the matching coefficients Iqi is pertur-
batively calculable. The main complication is that the
operator matrix element in Eqs. (2) and (3) are not well-
defined even within dimensional regularization. They
suffer from the so-called rapidity divergence, which origi-
nates from gluon emission at infinite rapidity in the back-
ward direction to the struck parton. Several regulators
proposed to cure the rapidity divergence in TMD exist
in the literature [1, 7, 9, 12, 14, 24–28], which allow to
calculate the matching coefficients in QCD to Next-to-
Leading Order (NLO) [1, 7, 9, 12, 14, 29, 30], and relative
recently to Next-to-Next-to-Leading Order (NNLO) [31–
38]. These results provide stringent test to the TMD
factorization, and facilitate some of the most precise the-
oretical prediction at the LHC [39–43].
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2In this Letter we shall present for the first time a
calculation of the matching coefficients for quark TMD
beam function at the Next-to-Next-to-Next-to-Leading
Order (N3LO) within the exponential regularization
scheme [27] in a completely analytic form. We also pro-
vide results for the regulator-independent TMD PDFs,
by combining the beam function with the N3LO TMD
soft function [44]. Our calculation contains all the color
structures and all the partonic channels, and represents
a major step towards precision TMD physics. To facil-
itate this calculation, we introduce a set of generalized
Integration-By-Parts equations that allows an algorith-
mic evaluation of rapidity divergent integrals using the
powerful machinery of modern Feynman diagram calcu-
lation, which shall be explained in the next section.
THE METHOD
Since the matching coefficients can be calculated in
short-distance perturbation theory, we can use asymp-
totic quark and gluon state instead of the hadron state
N(P ) in Eq. (2). Furthermore, we can insert a complete
state of |X〉〈X|, which also consist of asymptotic quark
and gluon states, between χ¯n and χn. This converts the
calculation of the perturbative TMD beam function to
the calculation of semi-inclusive partonic cross section,
Bq/i(z, b⊥) =
∑
L=0
∑
n+m=L
B(n,m)q/i (z, b⊥) , (5)
where B(n,m)q/i (z, b⊥) represents a n-loop, m-real emission
contribution for the semi-inclusive sub-process i→ q+X
at O(αn+ms ),
B(n,m)q/i (z, b⊥) =
∫
dd−2K˜⊥
|K˜2⊥|−
e−ib⊥·K˜⊥ B˜(n,m)q/i (z, K˜⊥) , (6)
with d = 4− 2 the space-time dimension. We have sup-
pressed the renormalization scale µ an rapidity scale ν in
the argument for simplicity. The function B˜(n,m)q/i (z, K˜⊥)
has simple power and logarithmic dependence on K˜⊥,
which can be integrated easily [36, 37]. The function
B˜(n,m)q/i (z, K˜⊥) can be calculated as
B˜(n,m)q/i (z, K˜⊥) =
[
lim
τ→0
2
∫
ddK
Vd−2
e−b0τ
P ·K
P+ δ(K+ − P+(1− z))
× δ(K˜2⊥ −K2⊥)µ2(n+m)
n∏
j=0
∫
ddlj
(2pi)d
m∏
r=0
∫
ddkr
(2pi)d−1
δ+(k
2
r)
× δ(d)(K −
m∑
r=1
kr)|Spq←i(P, {l}, {k})|2
]∣∣∣∣
τ→1/ν
, (7)
where e−b0τ
P ·K
P+ is the exponential regulator [27] in the
collinear sector [36]. |Spq←i(P, {l}, {k})|2 is the spin and
color averaged squared splitting amplitudes for i→ q+X
with n loops (counting at the squared amplitude level)
and m real emission. Kµ is the total four momen-
tum of X. b0 = 2e
−2γE is a conventional factor, and
Vd = 2pi
d/2/Γ(d/2) is the volume of d sphere. It is easy
to see from Eq. (7) that the dependence on K˜⊥ only
enters through ln(|K˜2⊥|/µ2) or ln(|K˜2⊥|/ν2). Note that
K2⊥ = K
2−K−K+ = K2−K−P+(1− z). Using reverse
unitarity [45], the delta functions in Eq. (7) can be con-
sidered as “cut” propagators. Therefore, B˜(n,m)q/i (z, K˜⊥)
can be regarded as a (n+m) loop Feynman integral in the
algebraic sense, if not for the exponential regulator. The
main new idea of this Letter is the introduction of a set of
generalized Integration-By-Parts (IBP) equation [46, 47],
which take into account also the exponential regulariza-
tion factor in Eq. (7).
Specifically, the generalized IBP equations can be writ-
ten as
0 =
∫
ddq
∂
∂qµ
[
e−b0τ
P ·K
P+ F ({l˜})
]
=

∫
ddq e−b0τ
P ·K
P+
[
−b0τ PµP+ + ∂∂qµ
]
F ({l˜}) , q = K ,∫
ddq e−b0τ
P ·K
P+
∂
∂qµF ({l˜}) , q 6= K ,
(8)
where F ({l˜}) is some Feynman integrand, and {l˜} =
{l1, l2, . . . , ln, k1, k2, . . . , km−1,K} are the set of integra-
tion momentum. Note that we have used the delta func-
tion in Eq. (7) to kill one of the integration momentum,
km. We generate the required IBP equations in this way
using in-house Mathematica code and LiteRed [48].
The obtained IBP equations and the integrals are ex-
ported to Fire [49], where all the integrals can be re-
duced to a set of master integrals (MIs).
The main task in this Letter is to calculate Eq. (7) at
three loops, i.e. m+n = 3. The contribution at this order
can be classified by the number of loop and the number
of real emission: triple-real (RRR), double-real single-
virtual (VRR), double-virtual single-real (VVR) and the
square of real-virtual ((VR)2). For VVR part, we use the
results in Ref. [50], analytically continue them to space-
like case and directly integrate over the single particle
phase space. The (VR)2 part is relatively simple. we use
the method presented in Ref. [36] to handle this part.
The main challenge of this calculation is the VRR and
RRR parts. Representative cut Feynman diagrams are
shown in Fig. 1. We generate the integrand for VRR and
RRR in Qgraf [51], with color/Dirac algebra and inte-
grand manipulation aided by Form [52], FeynCalc [53],
and Apart [54]. Using the above mentioned new idea,
we then pass the integrand and the generalized IBP equa-
tions to Fire for integral reduction. After exploring sym-
metry between different integral families, we find about
900 MIs for VRR and RRR in total. To solve these MIs,
3FIG. 1: Representative cut diagram for the color
structure dABCdABC = (N
2
c − 1)(N2c − 4)/Nc from
VRR (left) and RRR (right).
we use the method of Differential Equations (DEs) [55–
57].
Note that up to this stage we have kept the rapidity
regulator τ finite. The resulting MIs are functions of
z and τ , and DEs in z and τ can be constructed in the
standard way. The next step is to take the τ → 0 limit, as
in Eq. (7). We do so by expanding the DEs and the MIs
around τ = 0 consistently, but keeping the full functional
dependence on z. We write a MI fi as a double series in
τ and ln τ ,
fi(z, τ, )
τ→0
=
∑
j
∑
k=0
f
(j,k)
i (z, )τ
j lnk τ , (9)
Note that for individual diagram in Feynman gauge, the
result is absent of power-like singularity in τ . However,
application of the generalized IBPs leads to power diver-
gence for individual MI. We found by observation that
only j ≥ −1 is needed in Eq. (9), by checking explicitly
that terms with j = −2 and j = −3 vanish. In prin-
ciple we can also have terms like τ  in the expansion.
However such terms can be discarded, because we can
always analytically continue to a region where  > 0, and
take τ → 0, and then take  → 0. In practice we have
checked this by enlarging the ansatz in Eq. (9) by multi-
plying with τ±n for n = 0, . . . , 4. We found that when
substituting the MIs into the integrand, the coefficients
for n = 1, . . . , 4 always vanish for each diagram. There-
fore these terms are spurious at the diagram level, and
we discard them in Eq. (9) to simplify our calculation.
We then substitute the double series in Eq. (9) into the
system of DEs, which are expanded in τ , but with full
z dependence. By equating the τ j lnk τ coefficient in the
DEs, we obtain a closed system of DEs in z for f
(j,k)
i .
By considering the double series expansion, the number
of MIs are reduced to about 500 in total for VRR and
RRR.
The system of DEs in z can now be solved by the stan-
dard approach. They are most conveniently solved by
converting into the canonical form [57] by proper choice
of MIs [58–60]. For individual VRR or RRR, the alpha-
bet consist of five letters,
{z , 1− z , 1 + z , 2− z , z2 − z + 1} . (10)
The DEs can be solved order-by-order in  easily in terms
of Goncharov Polylogarithms. Remarkably, after sum-
ming the VRR and RRR contributions, and substituting
in the boundary constants determined below, the latter
two letters drop out from the sum. Therefore, Harmonic
Polylogarithms (HPLs) [61] are sufficient to describe the
final results.
The remaining task is to determine the boundary con-
stants for the DEs. To this end we consider the threshold
limit of the MIs, z → 1. Following Ref. [36], we define
the so-called fully-differential beam function [62],
B̂(n,m)q/i (z,K+,K−,K⊥) =
n∏
j=0
∫
ddlj
(2pi)d
m∏
r=0
∫
ddkr
(2pi)d−1
δ+(k
2
r)
· δ(d)(K −
m∑
r=1
kr)µ
2(n+m)|Spq←i(P, {l}, {k})|2 . (11)
The original B˜ is simply obtained by integrating the K−
component,
B˜(n,m)q/i (z, K˜⊥) =
[
lim
τ→0
|K˜2⊥|−
Vd−2
∫ ∞
0
dK−e−b0τ
P ·K
P+
· B̂(n,m)q/i (z, P+(1− z),K−, K˜⊥)
]∣∣∣∣∣
τ→1/ν
. (12)
The advantage of having the fully-differential function is
that now the threshold limit can be taken at the inte-
grand level. For that purpose, we adopt the strategy
of expansion by region [63]. For RRR, z → 1 force
the leading region to be Kµ → 0. VRR is more com-
plicated. Besides Kµ → 0, we also need to consider
the scaling in the loop momentum, which can be either
soft or collinear [64]. Ultimately, expansion by region
relates all the boundary constants to those computed
for soft-virtual corrections to Higgs production at N3LO.
We have performed an independent calculation for these
constants, and found agreement with those in the litera-
ture [64–68].
THE RESULTS
We are ready to combine all the ingredients and present
the final results. The bare TMD beam function com-
puted in the last section contains poles in  up to 1/6.
Using the known renormalization constant and the PDF
counter terms (which contain the famous three-loop split-
ting kernel [69, 70]), we find that all the poles can-
cel, and finite matching coefficients can be extracted!
This provides a stringent check to our calculation. For
the convenience of reader, the relevant renormalization
counter terms are collected in the appendix. We refer to
Ref. [36, 37] for the detailed renormalization procedure.
4The finite matching coefficient obey the renormaliza-
tion group equation,
d
d lnµ
Iqi(z, b⊥, P+, µ, ν) = 2
[
Γcusp(αs(µ)) ln
ν
zP+
+ γB(αs(µ))
]
Iqi(z, b⊥, P+, µ, ν)
− 2
∑
j
Iqj(z, b⊥, P+, µ, ν)⊗ Pji(z, αs(µ)) ,
(13)
where the anomalous dimension can be found in the ap-
pendix. It also obeys the rapidity evolution equation [14],
d
d ln ν
Iqi(z, b⊥, P+, µ, ν) = −2
[ ∫ b0/|b⊥|
µ
dµ¯
µ¯
Γcusp(αs(µ¯))
+ γR(αs(b0/|b⊥|))
]
Iqi(z, b⊥, P+, µ, ν) . (14)
The new results of this Letter are the initial condi-
tions (coefficient functions) for these equations, Iij(z) =
Iij(z, b⊥, P+, µ = b0/|b⊥|, ν = zP+). As mentioned be-
fore, the three-loop results can be written solely in terms
of HPLs, which we believe is quite remarkable. The full
results are too lengthy to fit in a Letter, but can be found
in the appendix. 5, along with numerical fits of to accu-
racy by elementary functions in appendix. 6. We also
provide computer readable files for them along with the
arXiv submission. The TMD beam function depends on
the rapidity regulator being used. Rapidity-regulator-
independent TMD PDFs can be simply obtained us-
ing [36, 37]
fT,ij(z, b⊥, P+, µ) = Iij(z, b⊥, P+, µ, ν)
√
S(b⊥, µ, ν) .
(15)
The TMD soft function S(b⊥, µ, ν) is also known to
N3LO [44]. Therefore, quark TMD PDFs can also be
extracted to this order. We provide computer readable
file for them in the ancillary files.
It is interesting to consider the asymptotic limit of the
coefficient functions. In the threshold limit, we find the
non-vanishing component to be
I(2)qq =
1
(1− z)+
[(
28ζ3 − 808
27
)
CACF +
224
27
CFNfTF
]
,
I(3)qq =
1
(1− z)+
[(
−128ζ3
9
− 7424
729
)
CFN
2
fT
2
F
+
(
−1648ζ2
81
− 1808ζ3
27
+
40ζ4
3
+
125252
729
)
CACFNfTF +
(
−176
3
ζ3ζ2 +
6392ζ2
81
+
12328ζ3
27
+
154ζ4
3
− 192ζ5 − 297029
729
)
C2ACF
+
(
−608ζ3
9
− 32ζ4 + 3422
27
)
C2FNfTF
]
, (16)
where I
(n)
ij is the expansion coefficient of (αs/(4pi))
n. One
can also identify the coefficient with the rapidity anoma-
lous dimension,
I(2)qq (z) =
2γR1
(1− z)+ , I
(3)
qq (z) =
2γR2
(1− z)+ , (17)
where γR1(2) are the two(three)-loop rapidity anomalous
dimension [44, 71]. This result was conjectured in
Ref. [35], and was understood using joint qT and thresh-
old resummation [72], see also Ref. [73]. This provides
another check to our calculation.
We can also consider the high energy limit z → 0,
which is closely related to small-x physics. The leading
terms are
I(2)qg =
2CATF
z
(
172
27
− 8ζ2
3
)
,
I(2)qq =I
(2)
qq′ = I
(2)
qq¯ = I
(2)
qq¯′ =
2CFTF
z
(
172
27
− 8ζ2
3
)
,
I(3)qg =
2TF
z
[(
208ζ2
9
+
32ζ3
3
− 17152
243
)
C2A ln z
+
(
160ζ2
27
− 32ζ3
9
− 3164
729
)
CANfTF
+
(
−16ζ2 + 512ζ3
9
+
32ζ4
3
− 269
9
)
CACF
+
(
12536ζ2
81
+
1096ζ3
9
+
920ζ4
9
− 470494
729
)
C2A
+
(
−512ζ2
27
− 64ζ3
9
+
40184
729
)
CFNfTF
]
, (18)
I(3)qq = I
(3)
qq′ = I
(3)
qq¯ = I
(3)
qq¯′
=
2TF
z
[(
208ζ2
9
+
32ζ3
3
− 17152
243
)
CACF ln z
+
(
12008ζ2
81
+ 120ζ3 +
920ζ4
9
− 456266
729
)
CACF
+
(
−32ζ2
9
− 64ζ3
9
+
16928
729
)
CFNfTF
+
(
−16ζ2 + 512
9
ζ3 +
32
3
ζ4 − 269
9
)
C2F
]
. (19)
There has been recent progress in understanding TMD
PDFs at small x [74–77] 1. Our explicit results provide
useful data through Next-to-Leading Logarithmic accu-
racy, which can foster further progress.
1 Using the formalism of Ref. [75], and the anomalous dimen-
sions in [78, 79], the leading logarithms for I
(3)
qg /(2TFC
2
A)
and I
(3)
qq /(2TFCACF ) are predicted to be (208ζ2/9 + 32ζ3/9 −
17152/243) ln z/z, which differs from the analytic results in
Eq. (18) and (19) for the coefficient of ζ3. It would be inter-
esting to understand the origin of this discrepancy.
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FIG. 2: K factor at N3LO for the coefficient functions.
Numerical evaluation of HPLs are made with the HPL
package [80].
To estimate the size of the three-loop corrections, we
plot the ratio of N3LO and NNLO coefficient functions
for 0 < z < 1 in Fig. 2,
N3LO
NNLO
= 1 +
(
αs
4pi
)3
I
(3)
ij (z)
αs
4pi I
(1)
ij (z) +
(
αs
4pi
)2
I
(2)
ij (z)
. (20)
It can be seen that the three-loop corrections are non-
negligible and have non-trivial shape dependence. Note
that the coefficient functions are not ordinary functions of
z, but distributions. To see the perturbative convergence
of the TMD PDFs, we define an integrated version of it,
Bq/N (z, q
max
T ) =
∑
i
∫ qmaxT
0
dqT
∫ 1
z
dξ
ξ
fT,qi(ξ, qT )φi/N (z/ξ) ,
(21)
where fT,qi(ξ, qT ) is the momentum-space version of the
TMD coefficients defined in Eq. (15), and qmaxT is a UV
cutoff, below which the TMD approximation can be jus-
tified. In Fig. 3 we depict zBu/N with q
max
T = 10 GeV
at various perturbative order, where N is proton. It can
be seen that for moderate and small z, NLO and NNLO
corrections are large and there no obvious perturbative
convergence. On the other hand, after inclusion of the
N3LO corrections, the perturbative series is stabilized
even for z as small as 10−4. This gives us confidence
that perturbative uncertainties are under good control
at this order.
DISCUSSION
We have calculated for the first time the quark TMD
beam function and TMD PDFs at the N3LO in QCD.
The key new idea is the generalization of the IBP equa-
tions to Feynman integrals with the exponential regulator
for rapidity divergence. We hope that the N3LO results
can improve our understanding about TMD factoriza-
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FIG. 3: Integrated TMD PDFs at various pertur-
bative order. We use NNPDF30 nnlo as 0118 [81]
throughout the numerical calculation.
tion. There are several interesting directions to pursue
in the future.
An obvious next thing to calculate is the gluon TMD
at N3LO. Past experience [37] shows that gluon TMD
share the same set of MIs with the quark TMD, which
significantly simplify the calculation. It would also be
interesting to calculate TMD fragmentation function at
N3LO. At NNLO the timelike TMD can be obtained from
spacelike ones by analytic continuation [35–37]. However
it is known from splitting function calculation that naive
analytic continuation must be supplemented with phys-
ical constraint from reciprocity consideration [82], and
still small uncertainty remains [83–85]. It would be in-
teresting to see if a direct calculation of timelike TMD
can shed light on this problem. Our results represent
the last missing ingredient for generalizing qT subtrac-
tion [86] to N3LO, see also Refs. [41, 73]. We note that
there has also been progress in calculating beam function
for beam thrust [87], where leading color contribution at
N3LO is available very recently [88]. However, to achieve
N3LO accuracy based on N-jettiness subtraction [89, 90],
N3LO (beam) thrust soft function is still missing [91, 92].
Once fully differential N3LO prediction with qT subtrac-
tion becomes available, it would also be important to con-
sider the perturbative power corrections, where rapidity
logarithms beyond leading power need to be understood
better [28, 93], see also [94, 95]. It would also be interest-
ing to study if the idea of generalized IBPs introduced in
this Letter, perhaps with some modification, is helpful in
problems where non-standard Feynman propagator are
encountered, such as two-loop qT soft function for top-
quark pair production [96, 97], or thrust and hemisphere
soft function [91, 92, 98] with a step function in the in-
tegrand. Integrals with the latter form is particularly
interesting since they appear frequently in precision jet
substructure [99]. Finally, given the success of the expo-
nential regulator in perturbative calculation, it would be
6interesting to see if it can be applied to TMD on lattice,
where rapid progress are being made recently [100–104].
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Appendix
In this appendix we collect all the formulas relevant to our discussion. In Sec. 1 we collect the QCD beta functions
to three loops. In Sec. 2 we collect all the relevant anomalous dimension. In Sec. 4 we collect the TMD soft function
through N3LO. In Sec. 5 we give the quark TMD beam function through N3LO, which is one of the main results of
this Letter. In Sec. 6 we give the approximate numerical fitting of the analytical results.
1. QCD Beta Function
The QCD beta function is defined as
dαs
d lnµ
= β(αs) = −2αs
∞∑
n=0
(αs
4pi
)n+1
βn , (A.1)
with [106]
β0 =
11
3
CA − 4
3
TFNf ,
β1 =
34
3
C2A −
20
3
CATFNf − 4CFTFNf ,
β2 =
(
158CA
27
+
44CF
9
)
N2fT
2
F +
(
−205CACF
9
− 1415C
2
A
27
+ 2C2F
)
NfTF +
2857C3A
54
. (A.2)
2. Anamolous dimension
For all the anomalous dimensions entering the renormalization group equations of various TMD functions, we define
the perturbative expansion in αs according to
γ(αs) =
∞∑
n=0
(αs
4pi
)n+1
γn , (A.3)
where the coefficients up to O(α3s) are given by
Γcusp0 =4CF ,
Γcusp1 =
(
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9
− 8ζ2
)
CACF − 80CFTFNf
9
,
Γcusp2 =
[(
320ζ2
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The cusp anomalous dimension Γcusp can be found in [69]. The hard anomalous dimensions γH can be extracted from
the three-loop quark form factor [107, 108], and can also be found in, e.g., Ref. [109]. The soft anomalous dimension
γS are calculated explicitly through N3LO in Ref. [67]. The beam anomalous dimension γB is related to γS and γH
through the renormalization group invariance condition γB = γS − γH . The rapidity anomalous dimension γR can
be found from [44, 71]. Note that the normalization here differ from those in [44] by a factor of 1/2.
3. Renormalization Constants
The following constants are needed for the renormalization of zero-bin subtracted [110] TMD beam function through
N3LO, see e.g. Ref. [36, 37]. The first three-order corrections to ZB and ZS are
ZB1 =
1
2
(
2γB0 − Γcusp0 LQ
)
,
10
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82
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(A.5)
Here we have defined Lν = ln(ν
2/µ2), and LQ = 2 ln(zP
+/ν) = 2 ln(Q/ν), where Q is the Drell-Yan lepton pair
invariant mass. We also need the PDF counter terms to three loops, which are given by
φij(z, αs) =δijδ(1− z)− αs
4pi
P
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ik ⊗ P (1)kj (z) + 2
∑
k
P
(1)
ik ⊗ P (0)kj (z) + 2β0P (1)ij (z) + 2β1P (0)ij (z)
)
− 1
3
P
(2)
ij (z)
]
, (A.6)
where P
(n)
ij is the (n + 1)-loop spacelike splitting function [69, 70]. The convolution is defined as f ⊗ g(z) ≡∫ 1
0
dxdy f(x)g(y)δ(z − xy).
4. TMD Soft Function
The TMD soft function is calculated through N3LO in Ref. [44]. With the exponential regulator [27], it obeys the
Non-Abelian exponentiation theorem [111, 112],
S(b⊥, µ, ν) = exp
{
αs
4pi
s(1) +
(αs
4pi
)2
s(2) +
(αs
4pi
)3
s(3) + . . .
}
. (A.7)
The exponent can be written as (we have used that γR0 = γ
S
0 = 0 to simplify the expression)
s(1) =− 2ζ2CF + Γ
cusp
0 L
2
⊥
2
− Γcusp0 L⊥LR ,
s(2) =
(
−67ζ2
3
+ 10ζ4 − 154ζ3
9
+
2428
81
)
CACF + 2
(
10ζ2
3
+
28ζ3
9
− 328
81
)
CFNfTF
11
+ L⊥
(−2β0ζ2CF − Γcusp1 LR − 2γS1 )+ L2⊥(Γcusp12 − β0Γcusp0 LR2
)
+
1
6
β0Γ
cusp
0 L
3
⊥ + 2γ
R
1 LR ,
s(3) =2
(
−80ζ2ζ3
3
+
275ζ2
9
+
152ζ4
9
+
224ζ5
9
+
3488ζ3
81
− 42727
486
)
C2FNfTF + 4
(
−136ζ2
27
− 44ζ4
27
−560ζ3
243
− 256
6561
)
CFN
2
fT
2
F + 2
(
40ζ2ζ3
9
+
74530ζ2
729
− 416ζ4
27
− 184ζ5
3
+
8152ζ3
81
− 412765
6561
)
CACFNfTF
+
(
1100ζ2ζ3
9
− 297481ζ2
729
+
3649ζ4
27
− 3086ζ6
27
+
1804ζ5
9
+
928ζ23
9
− 151132ζ3
243
+
5211949
13122
)
C2ACF
+ L⊥
[
2β0
((
−67ζ2
3
+ 10ζ4 − 154ζ3
9
+
2428
81
)
CACF + 2
(
10ζ2
3
+
28ζ3
9
− 328
81
)
CFNfTF
)
+ (4β0γ
R
1
− Γcusp2 )LR − 2β1ζ2CF − 2γS2
]
+ L2⊥
[
− 2β20ζ2CF +
(
−β0Γcusp1 −
β1Γ
cusp
0
2
)
LR − 2β0γS1 +
Γcusp2
2
]
+ L3⊥
[
− 1
3
β20Γ
cusp
0 LR +
β0Γ
cusp
1
3
+
β1Γ
cusp
0
6
]
+
1
12
β20Γ
cusp
0 L
4
⊥ + 2γ
R
2 LR , (A.8)
where L⊥ = ln(|b2⊥|µ2/b20), LR = L⊥ + Lν = ln(|b⊥|2ν2/b20).
5. Analytical Results for the TMD Beam Function through N3LO
This section contains one of the main results in this Letter. The quark TMD beam functions through N3LO are
given by
I(0)qi (z, b⊥, P+, µ, ν) = δqiδ(1− z) ,
I(1)qi (z, b⊥, P+, µ, ν) =
(
−Γ
cusp
0
2
L⊥LQ + γB0 L⊥ + γ
R
0 LQ
)
δqiδ(1− z)− P (0)qi (z)L⊥ + I(1)qi (z) ,
I(2)qi (z, b⊥, P+, µ, ν) =
[
1
8
(−Γcusp0 LQ + 2γB0 ) (−Γcusp0 LQ + 2γB0 + 2β0)L2⊥ + ((−Γcusp0 LQ + 2γB0 + 2β0)γR02 LQ
−Γ
cusp
1
2
LQ + γ
B
1
)
L⊥ +
(γR0 )
2
2
L2Q + γ
R
1 LQ
]
δqiδ(1− z) +
(
1
2
∑
j
P
(0)
qj ⊗ P (0)ji (z)
+
P
(0)
qi (z)
2
(Γcusp0 LQ − 2γB0 − β0)
)
L2⊥ +
[
− P (1)qi (z)− P (0)qi (z)γR0 LQ −
∑
j
I
(1)
qj ⊗ P (0)ji (z)
+
(
−Γ
cusp
0
2
LQ + γ
B
0 + β0
)
I
(1)
qi (z)
]
L⊥ + γR0 LQI
(1)
qi (z) + I
(2)
qi (z) ,
I(3)qi (z, b⊥, P+, µ, ν) = L3⊥
[(
1
2
β0 +
1
4
(2γB0 − Γcusp0 LQ)
)∑
j
P
(0)
qj ⊗ P (0)ji (z)−
1
6
∑
j k
P
(0)
qj ⊗ P (0)jk ⊗ P (0)ki (z)
+ δqiδ(1− z)
(
1
6
β20(2γ
B
0 − Γcusp0 LQ) +
1
8
β0(2γ
B
0 − Γcusp0 LQ)2 +
1
48
(2γB0 − Γcusp0 LQ)3
)
+ P
(0)
qi
(
−1
2
β0(2γ
B
0 − Γcusp0 LQ)−
1
3
β20 −
1
8
(2γB0 − Γcusp0 LQ)2
)]
+ L2⊥
[(
−3
2
β0 − 1
2
(2γB0 − Γcusp0 LQ)
)∑
j
I
(1)
qj ⊗ P (0)ji (z) +
1
2
∑
j k
I
(1)
qj ⊗ P (0)jk ⊗ P (0)ki (z)
+
1
2
∑
j
P
(0)
qj ⊗ P (1)ji (z) +
1
2
∑
j
P
(1)
qj ⊗ P (0)ji (z) + P (0)qi (z)
(
−1
2
β1 − 1
2
(2γB1 − Γcusp1 LQ)
)
+ δqiδ(1− z)
(
1
4
β1(2γ
B
0 − Γcusp0 LQ) +
1
2
β0(2γ
B
1 − Γcusp1 LQ) +
1
4
(2γB0 − Γcusp0 LQ)(2γB1 − Γcusp1 LQ)
)
+ I
(1)
qi (z)
(
3
4
β0(2γ
B
0 − Γcusp0 LQ) + β20 +
1
8
(2γB0 − Γcusp0 LQ)2
)
+ P
(1)
qi (z)
(
−β0 − 1
2
(2γB0 − Γcusp0 LQ)
)]
12
+ L⊥
[
−
∑
j
I
(1)
qj ⊗ P (1)ji (z)−
∑
j
I
(2)
qj ⊗ P (0)ji (z)− P (0)qi (z)γR1 LQ − P (2)qi (z) + δqiδ(1− z)
(
2β0γ
R
1 LQ
+
1
2
γR1 (2γ
B
0 − Γcusp0 LQ)LQ +
1
2
(2γB2 − Γcusp2 LQ)
)
+I
(1)
qi (z)
(
β1 +
1
2
(2γB1 − Γcusp1 LQ)
)
+ I
(2)
qi (z)
(
2β0 +
1
2
(2γB0 − Γcusp0 LQ)
)]
+ δqiδ(1− z)γR2 LQ + I(1)qi (z)γR1 LQ + I(3)qi (z) , (A.9)
where in I(3)qi we have used γR0 = 0 to simplify the expression.
The scale independent coefficient functions at NLO are
I(1)qq (z) = 2CF (1− z) ,
I(1)qg (z) = 4TF z(1− z) ,
I
(1)
qq′ (z) = I
(1)
qq¯ (z) = 0 . (A.10)
At NNLO they are given by
I
(2)
qq¯′ (z) =I
(2)
qq′ (z) = +CFTF
{
− 8
3
1− z
z
(
2z2 − z + 2) (H1,0 + ζ2)− 2
3
(
8z2 + 3z + 3
)
H0,0 + 4(z + 1)H0,0,0
+
4
9
(
32z2 − 30z + 21)H0 + 2(1− z) (136z2 − 143z + 172)
27z
}
,
I
(2)
qq¯ (z) = + I
(2)
qq′ (z) + CF (CA − 2CF )
{
+ 4(1− z)H1,0 + 4(z + 1)H−1,0 + (−11z − 3)H0 − 2(z − 3)ζ2
− 15(1− z)− 2
(
z2 + 1
)
z + 1
[
4H−2,0 − 2H2,0 − 4H−1,−1,0 + 2H−1,0,0 −H0,0,0 − 2H−1ζ2 + ζ3
]}
,
I(2)qq (z) = + I
(2)
qq′ (z) +
1
(1− z)+
[(
28ζ3 − 808
27
)
CACF +
224
27
NfCFTF
]
+ CACF
{
1
1− z
[
2
(
z2 − 13) ζ3 − 2 (z2 + 1) (2H1,2 + 2H2,0 +H0,0,0 + 2H1,1,0) ]
+
1
3
1
1− z
(
z2 − 12z − 11)H0,0 − 2(1− z) (2H1,0 + 3ζ2)− 2
9
1
1− z
(
83z2 − 36z + 29)H0 − 2zH1
+
8(z + 100)
27
}
+ CFNfTF
{
4
3
z2 + 1
1− z H0,0 +
20
9
z2 + 1
1− z H0 −
4
27
(19z + 37)
}
+ C2F
{
4
1 + z2
1− z (2H1,2 + 2H2,0 +H2,1 −H1,0,0 + 2H1,1,0 + 6ζ3)− 2
1
1− z
(
2z2 − 2z − 3)H0,0
+ 4(1− z) (3H1,0 +H2 + 2ζ2) + 2(z + 1)H0,0,0 + 2 1
1− z
(
16z2 − 13z + 5)H0 + 2zH1 − 22(1− z)} ,
I(2)qg (z) = + CATF
{
− 8
3
1− z
z
(
11z2 − z + 2)H1,0 + 4 (2z2 + 2z + 1) (2H−2,0 − 2H−1,−1,0 +H−1,0,0 −H−1ζ2)
− 2
3
(
44z2 − 12z + 3)H0,0 + 4 (2z2 − 2z + 1) (H1,2 +H1,1,0 −H1,1,1)− 8z (2H2,0 − ζ3)
+ 8z(z + 1)H−1,0 − 8(1− z)zH1,1 + 4(2z + 1)H0,0,0 + 8
3
1
z
(
11z3 − 9z2 + 3z − 2) ζ2
+
4
9
(
68z2 − 30z + 21)H0 + 2z(4z − 3)H1 − 2 (298z3 − 387z2 + 315z − 172)
27z
}
+ CFTF
{
4
(
2z2 − 2z + 1) (H2,1 −H1,0,0 +H1,1,1 + 7ζ3) + (−8z2 + 12z + 1)H0,0
− 2 (4z2 − 2z + 1)H0,0,0 + 8(1− z)z (H1,0 +H1,1 +H2 − ζ2) + (−8z2 + 15z + 8)H0
− 2(4z − 3)zH1 − 72z2 + 75z − 13
}
. (A.11)
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For the three-loop coefficient functions we decompose them into different color structures,
I
(3)
qq′ (z) = I
∗
qq′(z) +
dABCdABC TF
16Nc
Id33(z),
I
(3)
qq¯′ (z) = I
∗
qq′(z)−
dABCdABC TF
16Nc
Id33(z),
I(3)qq (z) = I
∗
qq(z) + I
(3)
qq′ (z),
I
(3)
qq¯ (z) = CF (CA − 2CF ) I∗qq¯(z) + I(3)qq¯′ (z) , (A.12)
where dABCdABC = 4Tr[T
A{TB , TC}]Tr[TA{TB , TC}] = (N2c − 1)(N2c − 4)/Nc. Note the sign difference in the
coefficient of dABCdABC in the first and second line of Eq. (A.12), which is due to the reversal of fermion line in the
anomalous triangle diagram. These anomalous terms do not simply add up to zero because the PDFs for q′ and q¯′
are different. Remarkably, we find that all the results at this order can be written in terms of HPLs only. We stress
that this is a non-trivial statement, since symbol letter such as 2 − z and z2 − z + 1 appear in the results for VRR
and RRR, but cancel out in the sum. The fully analytical results of individual color structure are given 2
Id33(z) = −256
3
1
z
ζ2H−1,−1(z + 1)3 − 7264
27
H−1,0(z + 1) +
1312
9
H2,1(z + 1)− 64 (H−1,−2,0 +H−1,2,0) (z + 1)
+
64(z + 1)
3
(
− 5H2ζ3 − 6H−1,0ζ3 − 3
2
H−1ζ4 − 6ζ2H−1,2 − 13ζ2H2,0 − 8ζ2H2,1 + 9H2,3 + 3H4,1 + 3ζ2H−1,0,0
+ 3H−1,3,0 + 9ζ2H0,0,0 − 4H2,−2,0 − 9H2,1,2 − 2H2,2,0 + 6H−1,2,0,0 − 6H−1,2,1,0 +H2,0,0,0 − 9H2,1,0,0 − 15H2,1,1,0
)
+
33280(1− z)
27
+
16
27
(369z − 388)H0 + 16
27
(2243z − 144)1− z
z
H1 +
32
27
(773z + 116)H2 − 32
27
(
232z2 + 273z + 222
)
H3
+
224
9
(
8z2 + 3z + 3
)
H4 − 64
3
(9z + 7)H5 − 32
27
(359z + 757)ζ2 +
64
3
(
20z2 + z + 27
)
H−2ζ2
+
128
27
(
116z2 + 93z + 60
)
H0ζ2 − 32
27
(
116z2 + 83z + 116
) 1− z
z
H1ζ2 +
64
3
(9z − 1)H3ζ2 + 64
27
(
290z2 − 141z + 522) ζ3
− 64
3
(5z − 7)ζ2ζ3 − 16
3
(5z + 39)H0ζ4 − 64
3
(15z + 53)ζ5 − 128
3
(5z − 1)H−4,0 − 64
9
(
32z2 − 15z + 39)H−3,0
+
64
27
(
116z2 + 198z + 99
)
H−2,0 − 64
3
(
16z2 + z + 27
)
H−2,2 +
64
27
(271z − 227)H0,0 − 32
9
(1− z) (153H1,0 − 91H1,1)
+
128
3
(4z − 5)H2,0 + 64
3
(
8z2 + 3z + 6
)
H2,2 − 32
9
(
16z2 + 27z − 3)H3,1 − 64
3
(13z − 5)H−3,0,0 + 512
3
z2H−2,−1,0
− 32
9
(
88z2 − 99z + 87)H−2,0,0 + 1
27
1 + z
z
[
− 192 (58z2 − 19z + 58)H−1ζ2 + 64 (116z2 − 101z + 116)H−1,2
− 256 (29z2 + 22z + 29)H−1,−1,0 + 32 (232z2 + 65z + 232)H−1,0,0]− 32
27
(
232z2 + 261z + 336
)
H0,0,0
− 128(1− z)H1,−2,0 − 64
9
(1− z) (27H1,2 + 46H1,0,0 + 72H1,1,0) + 1
9
1
1 + z
[
96
(
8z3 + 11z2 + 6z + 9
)
H2ζ2
− 96 (24z3 + 40z2 + 34z + 21)H0,0ζ2 − 64 (44z3 + 26z2 − 24z − 15)H0ζ3 + 8 (152z3 − 421z2 − 606z − 15) ζ4
+ 96
(
16z3 + 9z2 + 8z + 12
)
H3,0 + 64
(
8z3 + 5z2 − 6)H2,0,0 + 96 (32z3 + 35z2 + 12z + 15)H2,1,0]
− 128
3
(2z − 1)H3,0,0 − 64
3
(1− z)
(
2H−3ζ2 + 4H−2,−1ζ2 − 2H−2ζ3 + 2H−3,2 −H−2,3 − 2H3,2 + 8H−3,−1,0
+ 2H−2,−2,0 − 2H−2,−1,2 + 2H−2,2,0 + 5H3,1,0 + 4H−2,−1,−1,0 + 11H−2,−1,0,0 − 8H−2,0,0,0
)
+
1
9
1 + z
z
[
s64
(
4z2 + 11z + 4
)
H−1ζ3 − 96
(
8z2 + z + 8
)
H−1,3 + 64
(
16z2 + 17z + 16
)
H−1,−1,2
2 There was an error in Id33(z) in the previous version of this
paper, which has been corrected in the current version. We
thank Markus Ebert, Bernhard Mistlberger, and Gherardo Vita
for pointing out this error.
14
+ 128
(
2z2 + z + 2
)
(3ζ2H−1,0 + 2H−1,2,1) + 128
(
4z2 − 7z + 4)H−1,−1,−1,0 + 96 (8z2 − 29z + 8)H−1,−1,0,0
− 512 (z2 − 4z + 1)H−1,0,0,0]+ 64
3
(
8z2 + 3
)
H0,0,0,0 +
1
9
1− z
z
[
− 160 (16z2 + z + 16)H1ζ3
− 32 (80z2 + 77z + 80) ζ2H1,0 − 128 (14z2 + 11z + 14) ζ2H1,1 + 32 (32z2 + 65z + 32)H1,3
− 96 (16z2 + 19z + 16)H1,1,2 − 192 (8z2 − z + 8)H1,2,0 + 32 (32z2 − 7z + 32)H1,0,0,0
− 32 (16z2 + 73z + 16)H1,1,0,0 − 96 (32z2 + 29z + 32)H1,1,1,0]− 128
3
(3H0,0,0,0,0 − 13ζ3H0,0) , (A.13)
I∗qq′(z) = CFNfT
2
F
{
1
27
1− z
z
[
16
(
4z2 + 7z + 4
)
H1,1,1 − 192
(
2z2 − z + 2) (H1,2 −H1,0,0 + 2H1,1,0 +H1ζ2) ]
+
1
81
1− z
z
[
16
(
38z2 − 79z + 38)H1,1 − 576 (z2 − z + 1)H1,0]− 32
27
(
6z2 − 5z − 5) (−H2,1 − 2H0ζ2 + 2H3)
− 32
81
(
18z2 + 38z + 137
)
H0,0 +
16
27
(
24z2 − 49z − 49)H0,0,0 + 16
9
(z + 1)
(
−8ζ2H0,0 − 4H3,1 + 2H2,1,1
− 10H0,0,0,0 − 4H0ζ3 + 8H4 − 9ζ4
)
+
32
81
1− z
z
H1
(
75z2 + 19z + 75
)− 32
81
1
z
(
39z3 + 10z2 + 64z + 18
)
ζ2
+
32
27
1
z
(
18z3 − 23z2 + 13z − 12) ζ3 + 16
243
H0
(
534z2 − 337z − 661)+ 32
81
H2
(
57z2 − 26z + 100)
+
32(1− z) (1571z2 − 2689z + 1058)
729z
}
+ C2FTF
{
− 2(1− z)
(
7512z2 + 56z + 2421
)
81z
+
2
81
(
5720z2 − 8308z + 2707)H0 − 2(1− z)
81z
(
7088z2 − 5805z + 4343)H1 − 4
81
(
2882z2 + 75z − 1524)H2
+
8
9
(
104z2 − 55z + 229)H3 − 16
9
(
40z2 − 27z − 24)H4 + 4
81z
(
2774z3 + 687z2 − 1380z − 648) ζ2
− 16
9
(
60z2 − 26z + 149)H0ζ2 − 16
3
(
4z2 + 7z + 14
)
H2ζ2 − 4
27z
(
1528z3 − 999z2 − 720z − 768) ζ3
+
32
9
(
38z2 + 81z + 42
)
H0ζ3 − 4
9z
(
52z3 + 111z2 + 486z − 48) ζ4 − 2
81
(
5864z2 + 9273z + 2733
)
H0,0
+
16
9
(
52z2 − 36z − 15) ζ2H0,0 + 1
81
1− z
z
[
8
(
362z2 + 161z + 101
)
H1,0 − 4
(
406z2 + 2557z + 361
)
H1,1
]
+
16
27
(
68z2 + 123z − 15)H2,0 − 4
27
(
184z2 + 423z + 612
)
H2,1 +
16
3
(10z + 11)H2,2 − 16
9
(
4z2 + 45z + 12
)
H3,0
+
16
9
(
16z2 + 9z − 6)H3,1 + 4
9
(
376z2 − 167z + 257)H0,0,0 + 1
27
1− z
z
[
8
(
8z2 − 493z + 8)H1ζ2
+ 16
(
20z2 + 203z + 20
)
H1,2 − 16
(
26z2 − 160z − 1)H1,0,0 − 8 (8z2 + 209z + 8)H1,1,0
+ 12
(
40z2 + 47z + 4
)
H1,1,1
]
+
16
3
(z − 2)(4z − 5)H2,0,0 − 16
3
(
4z2 + 2z + 7
)
H2,1,0
+
16
9
(
4z2 + 21z + 9
)
H2,1,1 − 8
9
(
140z2 − 15z + 66)H0,0,0,0 + 1
9
1− z
z
[
96
(
4z2 − 11z + 4)H1ζ3
− 16 (20z2 − 19z + 20)H1,3 + 64 (5z2 + 2z + 5)H1,1,2 + 16 (8z2 − 13z + 8) (2ζ2H1,1 +H1,2,0)
− 8 (52z2 − 17z + 52)H1,0,0,0 + 32 (2z2 + 17z + 2)H1,1,0,0 + 16 (32z2 − 25z + 32) (ζ2H1,0 +H1,1,1,0)
− 16 (4z2 + 7z + 4)H1,1,1,1]+ 16
3
(z + 1)
(
14H5 − 12H2ζ3 + 7ζ2ζ3 − 14H0ζ4 − 36ζ5 − 18ζ3H0,0 − 2ζ2H2,0
− 4ζ2H2,1 + 2H2,3 + 4H4,0 − 6H4,1 − 14ζ2H0,0,0 + 4H2,1,2 − 2H2,2,0 + 4H3,0,0 − 2H3,1,0 −H3,1,1 −H2,0,0,0
+ 8H2,1,0,0 − 2H2,1,1,0 − 2H2,1,1,1 + 12H0,0,0,0,0
)}
+ CACFTF
{
− 4(1− z)
(
356788z2 − 36824z + 228133)
729z
− 2
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(
214384z3 + 34691z2 + 143678z + 17152
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H0 +
2(1− z)
243z
(
15520z2 − 3245z + 14944)H1
15
+
4
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(
224z2 − 451z − 724)H3 + 4
9
(
8z2 − 91z − 109)H4 − 8
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(
20z2 − 7z + 27)H−2ζ2
+
1
81
1
z
[
4
(
1000z3 + 2969z2 − 2068z + 1256)H2 − 8 (3932z3 − 2936z2 + 1099z − 3002) ζ2]
− 8
3
(27z + 11)ζ2ζ3 +
2
3
(5z − 201)H0ζ4 + 32(9z − 1)ζ5 + 16
3
(13z − 25)H−4,0 + 8
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(
112z2 − 99z + 87)H−3,0
− 8
27
(
544z2 + 93z + 576
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H−2,0 +
8
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(
16z2 + z + 27
)
H−2,2 +
4
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(
828z2 − 77z + 906) z + 1
z
H−1,0
+
4
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(
16868z2 + 3176z + 14795
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H0,0 − 208
3
(z + 2)ζ3H0,0 − 20(1− z)ζ2H1,0
+
1
81
1− z
z
[
4
(
6272z2 + 272z + 4481
)
H1,0 + 4
(
184z2 + 2098z + 463
)
H1,1
]
+
1
27
1
z
[
8
(
254z3 + 731z2 + 776z + 156
)
H0ζ2 − 4
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27
(
1758z2 − 587z + 1261)H0,0,0
+
1
27
1− z
z
[
4
(
748z2 + 475z + 748
)
H1ζ2 + 8(2z − 5)(67z − 16)H1,2 − 24
(
249z2 − 2z + 249)H1,0,0
+ 16
(
257z2 + 11z + 230
)
H1,1,0 − 4
(
76z2 + 103z − 32)H1,1,1]
+
1
9
1
z(z + 1)
[
12
(
24z4 + 87z3 + 120z2 + 79z + 16
)
H2ζ2 + 8
(
136z4 + 47z3 − 136z2 − 14z + 24)H0ζ3
+
(
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I∗qq¯(z) = NfTF
{
1
81
1
z + 1
[
448
(
z2 − 6z + 1)H−1,0 + 8 (23z2 + 54z − 193)H0,0 + 16 (137z2 − 18z − 43) ζ2]
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− 8 (13z2 + 22z − 18)H−3,0 − 8 (135z2 + 118z + 28)H−2,2 − 4 (99z2 + 124z + 97) ζ2H−1,−1
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− 4 (161z2 − 264z + 95)H1,2 − 4 (51z2 − 60z + 5)H2,1 − 4 (119z2 − 126z + 36)H0,0,0
− 4 (91z2 − 314z + 91)H1,0,0]+ 4
3
(133z − 173)H1,1,0 + 8
3
(15z − 13)H1,1,2 + 32
3
(z − 2)H1,2,1
+
1
3
1
(1− z)(z + 1)
[
8
(
2z3 − 38z2 + 7z + 23)H2ζ2 + 8 (22z3 − 6z2 − 31z + 9)H0,0ζ2
− 8 (38z3 + 2z2 + z + 61)H0ζ3 + 2 (118z3 − 62z2 − 523z − 367) ζ4 + 8 (58z3 − 12z2 − 73z + 9)H3,0
+ 24
(
35z3 + 13z2 − 23z + 7)H2,0,0 + 8 (53z3 − 23z2 − 77z − 25)H2,1,0]− 32
3
(z + 1)
(
−5H−1ζ3
+ 6ζ2H−1,−1 − ζ2H−1,0 + 2H−1,3 − 4H−1,−1,2 + 4H−1,−1,−1,0 + 6H−1,0,0,0
)
+8(z + 1)
(
−H−1ζ4 − 4ζ3H−1,0
− 4ζ2H−1,2 + 2ζ2H−1,0,0 + 2H−1,3,0 + 4H−1,2,0,0 − 4H−1,2,1,0
)
+
1
3
1
1− z
[
− 8 (17z2 − 26z − 3)H4
− 16 (15z2 + 28z + 11)H1ζ3 − 48 (4z2 − 2z + 5) ζ2H1,0 + 8 (93z2 − 164z + 95)H1,3 + 24 (7z2 − 2z − 6)H2,2
+ 8
(
25z2 − 22z + 3)H3,1 − 32 (21z2 − 26z + 11)H−2,0,0 + 16 (2z2 − 26z + 3)H1,2,0
− 12 (5z2 − 10z − 1)H0,0,0,0 − 16 (13z2 − 50z + 10)H1,0,0,0]− 8
3
(35z − 29)H1,1,0,0 + 8
3
(11z − 9)H1,1,1,0
+
1
3
1
1− z
[
256H−4,0z2 − 16
(
7z2 + 5
)
H5 + 16
(
19z2 − 5)H2ζ3 + 16 (47z2 + 41) ζ2ζ3 − 4 (17z2 + 139)H0ζ4
− 8 (355z2 + 381) ζ5 + 48(3z − 1)(3z + 1)ζ3H0,0 + 16 (5z2 − 13) ζ2H2,0 + 16 (z2 − 5) ζ2H2,1
+ 16
(
17z2 + 23
)
H2,3 + 32
(
9z2 + 5
)
H3,2 + 128
(
2z2 + 1
)
H4,0 + 32
(
5z2 + 1
)
H−3,0,0 + 32
(
13z2 + 7
)
H2,1,2
+ 32
(
23z2 + 15
)
H2,2,0 + 32
(
10z2 + 9
)
H3,0,0 + 96
(
3z2 + 2
)
H3,1,0 − 96
(
2z2 − 1)H2,0,0,0
+ 32
(
19z2 + 9
)
H2,1,0,0 + 16
(
3z2 + 1
)
(−2H3ζ2 +H4,1 + 9H2,1,1,0)− 8
(
z2 + 1
)(
14H−3ζ2 + 24H−2,−1ζ2
− 4H−2,0ζ2 − 20H1,−2ζ2 − 18H1,2ζ2 − 8H0,0,0ζ2 + 16H1,1,0ζ2 − 20H−2ζ3 + 9H1ζ4 + 28H−3,2 + 8H−2,3
− 68ζ3H1,0 − 36ζ3H1,1 + 84H−3,−1,0 − 16H−2,−1,2 + 8H1,−3,0 + 24H1,−2,2 − 96H1,1,3 − 42H1,2,2 − 76H1,3,0
− 52H1,3,1 + 32H2,−2,0 − 32H2,2,1 − 24H3,1,1 + 16H−2,−1,−1,0 + 24H−2,0,0,0 + 8H1,−2,−1,0 + 56H1,−2,0,0
− 40H1,1,−2,0 − 60H1,1,2,0 − 68H1,2,0,0 − 52H1,2,1,0 − 12H0,0,0,0,0 + 56H1,1,0,0,0 − 48H1,1,1,0,0
)]}
+ C2ACF
{
1136639z − 542581
1458
+
2
81
(
12863z2 − 12422z − 15080) 1
1− zH0 −
2
27
(5369z − 4526)H1
+
80
3
(z + 2)H−2ζ2 − 2
9
(579z − 431)H1ζ2 − 32
3
(7z + 4)H−2,2 +
4
3
(
6z2 + 64z + 3
) z + 1
z
H−1,0
+
1
81
1
1− z
[
− 6 (2512z2 − 909z − 1492)H2 − 2 (324z3 − 8471z2 + 4821z + 3605) ζ2
+ 6
(
108z3 − 6333z2 + 5026z − 2974)H0,0 + 18 (185z2 − 339z + 86)H1,0]+ 52
3
zH1,1 +
4
9
(11z + 14)H2,1
− 32
3
(9z − 2)H−2,−1,0 − 160
3
(1− z)H−2,0,0 − 8
3
(z + 1) (−36H−1ζ2 + 14H−1,2 − 44H−1,−1,0 + 45H−1,0,0)
20
+
1
27
1
1− z
[
− 2 (281z2 + 492z − 100)H3 + 2 (1225z2 − 264z + 448)H0ζ2 + 2 (2598z2 − 4506z − 2183) ζ3
+ 36
(
127z2 − 136z + 27)H−2,0 − 6 (651z2 − 642z + 527)H1,2 − 6 (623z2 − 406z + 232)H2,0
− 30 (149z2 − 64z + 103)H0,0,0 − 12 (340z2 − 847z + 349)H1,0,0 − 6 (245z2 − 18z + 309)H1,1,0]
+
1
9
1
(1− z)(z + 1)
[
8
(
17z3 − 28z2 + 23z + 50)H2ζ2 + 4 (28z3 − 23z2 + 37z + 106)H0,0ζ2
− 4 (98z3 + 59z2 − 202z − 127)H0ζ3 − 3 (115z3 + 680z2 + 313z − 240) ζ4 − 12 (10z3 + 54z2 + 65z + 15)H3,0
+ 4
(
115z3 + 124z2 − 110z − 83)H2,0,0 − 4 (4z3 + 31z2 + 76z + 85)H2,1,0]− 32
3
(z + 1)
(
−6H−1ζ3
+
15
2
ζ2H−1,−1 − 3ζ2H−1,0 + 3H−1,3 + 2H−1,−2,0 − 7H−1,−1,2 − 2H−1,2,0 −H−1,2,1 +H−1,−1,−1,0
− 2H−1,−1,0,0 + 4H−1,0,0,0
)
+2(z + 1)
(
−H−1ζ4 − 4ζ3H−1,0 − 4ζ2H−1,2 + 2ζ2H−1,0,0 + 2H−1,3,0
+ 4H−1,2,0,0 − 4H−1,2,1,0
)
+
1
9
1
1− z
[
− 4 (59z2 − 39z + 68)H4 + 4 (145z2 − 330z + 133)H1ζ3
− 24 (18z2 − 25z − 8)H−3,0 − 4 (13z2 − 66z + 43) ζ2H1,0 + 8 (40z2 − 27z + 31) ζ2H1,1
+ 12
(
31z2 − 113z + 40)H1,3 − 8 (49z2 − 45z + 49)H2,2 + 4 (56z2 − 39z + 23)H3,1
+ 48(2z − 1)(11z − 14)H1,−2,0 − 4
(
z2 − 75z − 14)H1,1,2 − 24 (9z2 + 3z + 2)H1,2,0 + 12 (14z2 − z + 9)H1,2,1
− 4 (67z2 + 72z + 64)H0,0,0,0 + 4 (19z2 + 84z + 37)H1,0,0,0 − 4 (109z2 − 120z + 121)H1,1,0,0
+ 352
(
z2 + 1
)
H1,1,1,0
]
+
1
3
1
1− z
[
64ζ2H2,1z
2 − 16 (z2 + 5)H5 + 8 (17z2 + 21)H3ζ2 − 20 (11z2 + 13)H2ζ3
+ 4
(
49z2 + 95
)
ζ2ζ3 − 4
(
31z2 + 42
)
H0ζ4 − 4
(
75z2 − 1) ζ5 − 32 (z2 + 2)H−4,0 − 4 (37z2 + 11) ζ3H0,0
+ 4
(
35z2 + 9
)
ζ2H2,0 − 4
(
31z2 + 13
)
H2,3 + 4
(
z2 + 7
)
H4,1 − 16
(
5z2 + 7
)
H−3,0,0 − 16
(
7z2 + 9
)
H2,−2,0
+ 4
(
z2 − 17) (H2,1,2 − ζ2H0,0,0) + 16 (2z2 + 1)H2,2,0 + 4 (15z2 + 13)H3,0,0 + 4 (33z2 + 35)H2,0,0,0
+ 4
(
49z2 + 31
)
H2,1,0,0 + 4
(
13z2 − 17)H2,1,1,0 + 12 (5z2 + 3)H0,0,0,0,0 − 4 (z2 + 1)(−40H−3ζ2
+ 60H−2,−1ζ2 − 24H−2,0ζ2 − 20H1,−2ζ2 − 40H1,2ζ2 + 2H1,0,0ζ2 − 12H1,1,0ζ2 − 16H1,1,1ζ2 − 48H−2ζ3
+ 21H1ζ4 + 64H−3,2 + 24H−2,3 + 38ζ3H1,0 − 12ζ3H1,1 + 6H1,4 + 12H3,2 − 12H4,0 + 48H−3,−1,0
+ 16H−2,−2,0 − 56H−2,−1,2 − 16H−2,2,0 − 8H−2,2,1 + 72H1,−3,0 + 8H1,−2,2 − 32H1,1,3 + 16H1,2,2 − 44H1,3,0
− 16H1,3,1 + 2H2,2,1 + 6H3,1,0 + 8H−2,−1,−1,0 − 16H−2,−1,0,0 + 32H−2,0,0,0 − 24H1,−2,−1,0 + 64H1,−2,0,0
− 40H1,1,−2,0 + 16H1,1,1,2 − 12H1,1,2,0 + 8H1,1,2,1 − 30H1,2,0,0 + 2H1,2,1,0 − 32H1,0,0,0,0 − 28H1,1,0,0,0
− 16H1,1,1,0,0
)]}
+ CAC
2
F
{
23060(1− z)
81
+
1
81
(−76790z2 + 68912z + 30003) 1
1− zH0
+
4
27
(7333z − 6709)H1 − 144H−2ζ2 + 32
3
(14z + 11)H−2,2 − 4
3
(z + 8)(16z + 1)
z + 1
z
H−1,0
+
1
81
1
1− z
[
2
(
23474z2 − 13731z − 15685)H2 + 18 (96z3 − 2229z2 + 841z + 1450) ζ2
− 2 (864z3 − 29056z2 + 29454z − 12035)H0,0 − 2 (1069z2 + 4155z − 704)H1,0]− 4
9
(91z − 15)H1,1
+
32
3
(28z − 5)H−2,−1,0 + 8
3
(z + 1) (−111H−1ζ2 + 44H−1,2 − 134H−1,−1,0 + 143H−1,0,0)
+
1
27
1
1− z
[
− 2 (1217z2 − 3354z + 1382)H3 − 2 (2291z2 + 690z − 286)H0ζ2
− 6 (1295z2 − 2014z + 671)H1ζ2 + 2 (4376z2 + 6378z − 3193) ζ3 − 36 (345z2 − 370z + 51)H−2,0
+ 6
(
1631z2 − 1686z + 1079)H1,2 + 2 (4387z2 − 4554z + 1348)H2,0 + 12 (225z2 − 137z + 168)H2,1
21
+ 2
(
3305z2 − 3024z + 2081)H0,0,0 + 4 (1810z2 − 6279z + 1837)H1,0,0 + 6 (873z2 − 1010z + 1209)H1,1,0]
+
1
9
1
(1− z)(z + 1)
[
− 4 (143z3 − 235z2 + 35z + 269)H2ζ2 − 16 (22z3 − 35z2 − 35z + 40)H0,0ζ2
+ 4
(
733z3 + 355z2 − 479z + 43)H0ζ3 + (761z3 + 4331z2 + 3482z + 56) ζ4
− 4 (167z3 − 307z2 − 628z − 82)H3,0 − 4 (568z3 + 406z2 − 389z − 83)H2,0,0
− 12 (56z3 − 32z2 − 139z − 99)H2,1,0]+ 16
3
(z + 1)
(
−29H−1ζ3 + 36ζ2H−1,−1 − 13ζ2H−1,0 + 14H−1,3
+ 8H−1,−2,0 − 32H−1,−1,2 − 8H−1,2,0 − 4H−1,2,1 + 8H−1,−1,−1,0 − 8H−1,−1,0,0 + 22H−1,0,0,0
)
+
8
3
(z + 1)
(
16H5 + 3H−1ζ4 + 12ζ3H−1,0 + 12ζ2H−1,2 + 4H3,2 − 6ζ2H−1,0,0 − 6H−1,3,0 − 12H−1,2,0,0
+ 12H−1,2,1,0
)
+
1
9
1
1− z
[
12
(
45z2 − 66z + 16)H4 − 4 (239z2 − 1008z + 239)H1ζ3
+ 48
(
24z2 − 31z − 8)H−3,0 + 24 (17z2 − 19z + 28) ζ2H1,0 − 16 (29z2 − 9z + 20) ζ2H1,1
− 4 (469z2 − 1116z + 517)H1,3 + 8 (101z2 − 120z + 125)H2,2 − 16 (25z2 − 18z − 2)H3,1
+ 48
(
41z2 − 66z + 31)H−2,0,0 − 144 (21z2 − 38z + 15)H1,−2,0 + 12 (z2 − 54z − 11)H1,1,2
+ 4
(
161z2 + 96z + 71
)
H1,2,0 − 4
(
91z2 − 12z + 61)H1,2,1 − 176 (z2 + 1)H2,1,1
− 4 (157z2 − 162z − 52)H0,0,0,0 − 8 (8z2 + 288z + 35)H1,0,0,0 + 8 (47z2 − 3z + 62)H1,1,0,0
− 8 (73z2 + 33z + 70)H1,1,1,0]+ 1
3
1
1− z
[
− 48 (5z2 + 7)H3ζ2 − 24 (45z2 + 43) ζ3ζ2 − 8 (23z2 − 17)H2,0ζ2
− 16 (7z2 − 1)H2,1ζ2 + 8 (79z2 + 107)H2ζ3 + 4 (153z2 + 181)H0ζ4 + 8 (289z2 + 325) ζ5 − 64 (z2 − 2)H−4,0
+ 16
(
29z2 + 15
)
ζ3H0,0 − 8
(
3z2 + 23
)
H2,3 − 16
(
17z2 + 11
)
H4,0 + 16
(
5z2 + 13
)
H−3,0,0
+ 32
(
2z2 − 1) (H4,1 + 3ζ2H0,0,0) + 32 (11z2 + 13)H2,−2,0 − 48 (5z2 − 1)H2,1,2 − 8 (45z2 + 29)H2,2,0
− 8 (43z2 + 35)H3,0,0 − 8 (27z2 + 47)H2,0,0,0 − 352 (2z2 + 1)H2,1,0,0 − 8 (35z2 − 13)H2,1,1,0
− 8 (7z2 + 3) (H3,1,0 + 6H0,0,0,0,0) + 8 (z2 + 1)(−33H−3ζ2 + 72H−2,−1ζ2 − 26H−2,0ζ2 − 30H1,−2ζ2
− 50H1,2ζ2 + 19H1,0,0ζ2 + 10H1,1,0ζ2 − 8H1,1,1ζ2 − 58H−2ζ3 + 111H1ζ4
2
+ 78H−3,2 + 28H−2,3 + 39ζ3H1,0
− 12ζ3H1,1 − 11H1,4 + 90H−3,−1,0 + 16H−2,−2,0 − 64H−2,−1,2 − 16H−2,2,0 − 8H−2,2,1 + 76H1,−3,0
+ 20H1,−2,2 − 94H1,1,3 − 4H1,2,2 − 88H1,3,0 − 36H1,3,1 − 7H2,2,1 + 16H−2,−1,−1,0 − 16H−2,−1,0,0
+ 44H−2,0,0,0 − 20H1,−2,−1,0 + 92H1,−2,0,0 − 60H1,1,−2,0 + 8H1,1,1,2 − 36H1,1,2,0 + 4H1,1,2,1 − 67H1,2,0,0
− 21H1,2,1,0 − 50H1,0,0,0,0 − 44H1,1,1,0,0
)]}
. (A.16)
I(3)qg (z) = CANfT
2
F
{
1
81
1
z
(−24 (154z3 − 123z2 + 3z − 40)H1,0 − 8 (435z3 − 172z2 − 18z − 120) ζ2)
+
1
27
1
z
[
− 16 (116z3 − 128z2 + 31z − 24)H1,0,0 + 32 (26z3 − 29z2 + 4z − 6)H1,1,0
+ 16H1
(
82z3 − 88z2 + 23z − 12) ζ2 + 48 (30z3 + 7z2 + 18z − 4) ζ3]
+
80
9
(
2z2 + 2z + 1
)
(2H−1,−1,0 +H−1ζ2)− 32
9
(
2z2 + 2z + 1
)(3
2
ζ2H−1,−1 − 3
2
ζ2H−1,0 + 3H−3,0
− 3H−2,−1,0 + 9
2
H−2,0,0 − 3H−1,−2,0 + 3H−1,−1,−1,0 − 9
2
H−1,−1,0,0 + 4H−1,0,0,0 − 3
2
H−2ζ2 − 3
2
H−1ζ3
)
− 16
9
(
2z2 − 2z + 1)(ζ2H1,0 + 2ζ2H1,1 + 2H1,3 − 8H1,1,2 − 2H1,2,0 − 5H1,2,1 − 3H1,0,0,0 + 4H1,1,0,0
22
− 4H1,1,1,0 + 5H1,1,1,1 − 10H1ζ3
)
−16
9
(
20z2 + 21z + 10
)
H−2,0 − 8
81
(
299z2 + 290z + 85
)
H−1,0
− 8
81
(
391z2 + 1407z + 32
)
H0,0 − 8
81
(
290z2 − 326z + 85)H1,1 + 8
9
(
8z2 + 65z + 12
)
H2,0
− 16
27
(
62z2 + 62z + 25
)
H−1,0,0 +
32
27
(
23z2 − 74z − 4)H0,0,0 − 32
27
(
23z2 − 23z + 10) (H1,2 −H1,1,1)
+
16
3
(
2z2 + 6z + 1
)
H2,0,0 +
16
9
z (12H3,0 − 12H2,1,0 − 12H2ζ2 − 19ζ4)− 8
9
z (5H3 − 2H2,1)
− 32
9
(12z − 1)H0,0,0,0 + 8
243
1
z
H1
(
668z3 − 1064z2 + 103z − 36)+ 8
9
H0
(
8z2 + 27z + 12
)
ζ2
+
8
243
(
2280z2 − 8119z − 523)H0 + 16
27
H2
(
3z2 − 23z − 3)+ 4 (43324z3 − 24198z2 − 8697z − 1582)
729z
}
+ CFNfT
2
F
{
− 32
9
1− z
z
(
22z2 + 13z + 4
)
(H1,1,0 +H1ζ2) +
1
81
1
z
[
32
(
382z3 − 403z2 + 131z − 96)H1,0
+ 32
(
253z3 − 274z2 + 89z − 96) ζ2]+ 1
27
1
z
[
− 16 (184z3 − 28z2 − 133z − 48)H1,0,0
− 32 (100z3 − 133z2 + 77z + 12) ζ3]+ 32
3
(
4z2 + 6z + 3
)
(ζ2H0,0 +H3,0 + 2H2,0,0 −H2,1,0 −H2ζ2 +H0ζ3)
− 4
81
(
7424z2 + 6559z − 6023)H0,0 + 8
81
(
308z2 − 353z + 112)H1,1 + 4
27
(
1344z2 − 1282z + 1805)H0,0,0
− 32
27
(
23z2 − 23z + 10) (H2,1 +H1,1,1)− 16
9
(
44z2 + 94z − 47)H0,0,0,0
+
80
9
(
2z2 − 2z + 1) (H2,1,1 + 2H1,0,0,0 +H1,1,1,1)− 32
9
z(10z − 9) (H2,0 +H0ζ2)− 64(2z − 1)H0,0,0,0,0
+
8
243
H0
(
17172z2 + 7693z + 20752
)
+
8
243
H1
(
268z2 + 155z − 355)+ 224
81
(
11z2 − 11z + 4)H2
− 8
9
(
104z2 + 106z + 73
)
ζ4 − 441320z
3 + 989034z2 − 1294539z − 160736
1458z
}
+
1
3
C2FTF
{
1
8
(−5020z2 + 2406z + 2127)+ (−708z2 − 734z + 235)H0 − 2 (354z2 + 191z − 505)H1
− 4 (151z2 − 343z − 70)H2 + 4 (24z2 − 11z + 49)H3 − 4 (50z2 − 136z + 5)H4 + 8 (194z2 + 18z − 35) ζ2
+ 4
(
57z2 − 33z − 49)H0ζ2 − 8 (3z2 − 9z − 10)H1ζ2 − 16 (5z2 + 2z − 2)H2ζ2 + 64 (7z2 + 2z + 1)H3ζ2
+ 4
(
757z2 − 758z + 317) ζ3 − 96(z + 1)(2z + 1)H−1ζ3 + 4 (398z2 − 344z + 57)H0ζ3
− 8(1− z)(175z − 73)H1ζ3 + 32
(
39z2 − 34z + 20)H2ζ3 − 64 (23z2 − 5z + 11) ζ2ζ3
+ 2
(
227z2 + 416z + 344
)
ζ4 + 4
(
348z2 − 118z + 109)H0ζ4 − 8 (84z2 − 454z + 63) ζ5 + 64 (16z2 + 7)H−4,0
+ 16
(
53z2 + 46z + 47
)
H−3,0 + 8
(
63z2 + 98z + 135
)
H−2,0 − 64z(3z + 2)ζ2H−2,0
+ 4
(
251z2 + 634z + 395
)
H−1,0 − 8
(
21z2 + 2z − 13) ζ2H−1,0 + (−1012z2 − 857z + 15)H0,0
+ 4
(
158z2 − 168z + 5) ζ2H0,0 − 4 (2z2 − 26z + 77)H1,0 + 16 (29z2 − 35z + 15) ζ2H1,0
− 2 (302z2 − 353z + 110)H1,1 − 8 (10z2 − 18z + 17) ζ2H1,1 + 16 (6z2 − 9z + 2)H1,2
− 8 (25z2 − 12z − 7)H1,3 − 4 (4z2 + 108z − 7)H2,0 + 32 (9z2 − 10z + 6) ζ2H2,0 + 4 (27z2 − 47z + 35)H2,1
− 16 (6z2 + 6z − 1) ζ2H2,1 + 8 (13z2 + 2)H2,2 − 32 (3z2 − 8z + 3)H2,3 + 8 (33z2 − 98z + 7)H3,0
− 8 (6z2 − 8z − 3)H3,1 + 64 (3z2 − 2z + 1)H3,2 − 32 (10z2 + 6z + 5) (H−3ζ2 + 2H−3,−1,0)
+ 32
(
26z2 + 18z + 11
)
H−3,0,0 − 64
(
8z2 + 4z + 3
)
H−2,−2,0 − 8
(
36z2 + 38z + 21
)
(H−2ζ2 + 2H−2,−1,0)
+ 8
(
112z2 + 138z + 55
)
H−2,0,0 − 112(z + 1)(7z + 3)H−1,−2,0 − 4
(
63z2 + 96z + 41
)
(H−1ζ2 + 2H−1,−1,0)
+ 4
(
209z2 + 384z + 183
)
H−1,0,0 + 192z(z + 1)H−1,2,0 +
(−792z2 − 694z + 65)H0,0,0
− 8 (4z2 − 2z + 1) (13H5 − 43ζ3H0,0 + 4H4,0 − 4H4,1 − 13ζ2H0,0,0) + 32 (2z2 − 22z + 17)H1,−2,0
+ 4(z + 1)(11z − 21)H1,0,0 − 8
(
2z2 − 5z − 6)H1,1,0 + 4 (27z2 − 38z + 15)H1,1,1 + 8 (13z2 − 12z + 8)H1,1,2
23
+ 8
(
57z2 − 68z + 23)H1,2,0 − 8 (6z2 − 4z − 5)H1,2,1 + 64 (2z2 + 3)H2,−2,0 + 16 (4z2 − 35z + 2)H2,0,0
− 8 (19z2 − 13)H2,1,0 − 4(2z − 1)(8z + 3)H2,1,1 + 16 (2z2 − 6z + 5)H2,1,2 + 32 (17z2 − 12z + 5)H2,2,0
+ 16
(
16z2 − 14z + 7)H2,2,1 − 32 (16z2 + 14z + 1)H3,0,0 + 16 (48z2 − 2z + 13)H3,1,0
+ 16
(
28z2 − 26z + 13)H3,1,1 + 32 (8z2 + 6z + 3) (−H−2ζ3 + ζ2H−2,−1 + 2H−2,−1,−1,0)
− 32 (24z2 + 10z + 9)H−2,−1,0,0 + 64 (3z2 + z + 1)H−2,0,0,0 + 96(z + 1)(3z + 1) (ζ2H−1,−1 + 2H−1,−1,−1,0)
− 64(z + 1)(14z + 9)H−1,−1,0,0 + 8
(
61z2 + 82z + 27
)
H−1,0,0,0 − 8
(
94z2 + 21z − 4)H0,0,0,0
− 8 (33z2 − 56z + 17)H1,0,0,0 + 8 (8z2 − 50z + 45)H1,1,0,0 − 8 (19z2 − 42z + 26)H1,1,1,0
− 4 (16z2 − 20z + 1)H1,1,1,1 − 16 (40z2 − 26z + 11)H2,0,0,0 + 32 (4z2 + 2z + 1)H2,1,0,0
− 16 (4z2 + 14z − 5)H2,1,1,0 + 8 (60z2 − 62z + 31)H2,1,1,1 − 16 (2z2 + 2z + 1)(22H−1ζ4 − 10ζ2H−1,−2
− 8ζ3H−1,−1 + 4ζ3H−1,0 + 12ζ2H−1,2 + 22H−1,−3,0 + 8ζ2H−1,−1,−1 − 6ζ2H−1,−1,0 − 6H−1,3,0
− 20H−1,−2,−1,0 + 30H−1,−2,0,0 − 16H−1,−1,−2,0 − 22H−1,2,0,0 + 12H−1,2,1,0 + 16H−1,−1,−1,−1,0
− 24H−1,−1,−1,0,0 + 6H−1,−1,0,0,0 − 5H−1,0,0,0,0
)
−16 (24z2 + 4z + 3)H0,0,0,0,0 − 16 (2z2 − 2z + 1)(
− 25H1ζ4 − 39ζ3H1,0 − 39ζ3H1,1 − 2ζ2H1,2 + 12H1,4 − 10H1,−3,0 − 12ζ2H1,0,0 − 8ζ2H1,1,0 + 3ζ2H1,1,1
+ 2H1,1,3 − 6H1,2,2 − 2H1,3,0 − 3H1,3,1 + 4H1,−2,0,0 − 4H1,1,−2,0 −H1,1,1,2 − 17H1,1,2,0 − 7H1,1,2,1
− 5H1,2,0,0 − 13H1,2,1,0 − 14H1,2,1,1 + 7H1,0,0,0,0 + 20H1,1,0,0,0 − 3H1,1,1,0,0 +H1,1,1,1,0 − 15H1,1,1,1,1
)}
+
1
27
C2ATF
{
3
z + 1
z
[
12
(
60z2 + 9z + 8
)
H−1,3 − 8
(
112z2 + 53z + 16
)
H−1,−1,2 − 32
(
17z2 + 4z + 2
)
H−1,2,1
]
+ 72
(
8z2 + 74z − 41)H−4,0 + 24 (817z2 + 180z + 216)H−3,0 + 72 (56z2 + 46z + 29)H−3,2
− 4 (2426z2 − 30z − 213)H−2,0 + 72 (96z2 + 37z + 31)H−2,2 + 36 (100z2 + 110z + 49)H−2,3
+
2
3
(
126201z2 + 29235z + 20278
)
H0,0 − 36
(
28z2 + 66z + 29
)
H2,3 + 12
(
317z2 − 135z + 51)H3,1
− 72 (20z2 + 50z + 19)H3,2 + 108 (8z2 − 14z − 3)H4,1 − 144 (10z2 + 22z + 3)H−3,−1,0
+ 36
(
52z2 + 214z − 35)H−3,0,0 + 72 (8z2 − 26z + 13)H−2,−2,0 − 72 (78z2 + 37z + 14)H−2,−1,0
− 72 (76z2 + 66z + 39)H−2,−1,2 + 12 (1522z2 + 246z + 297)H−2,0,0 − 72 (8z2 + 18z + 3)H−2,2,0
+ 108
(
4z2 + 6z + 3
)
H−1,3,0 − 4
(
7385z2 − 1712z + 1679)H0,0,0 + 144 (8z2 + 10z + 7)H2,−2,0
− 36 (16z2 − 62z + 9)H2,1,2 + 72 (24z2 − 62z − 1)H2,2,0 − 72 (2z2 − 26z + 1)H2,2,1
+ 72
(
6z2 − 100z + 17)H3,0,0 + 36 (4z2 − 86z − 25)H3,1,0 − 5184zH4,0 + 504(z + 1)H−1,2,0
+ 144(8z + 3)H3,1,1 +
1
9
1
z
[
− 2H0
(
747175z3 + 62809z2 + 167620z + 17152
)
− 2H1
(
30151z3 + 24401z2 − 50692z − 6528) ]+ 4H3 (1460z2 − 483z − 321)− 24H4 (137z2 − 48z + 51)
− 36H5
(
72z2 − 58z + 9)+ 2 (2153647z3 − 2175249z2 + 450714z − 470494)
27z
− 144 (33z2 + 34z + 16)H−3ζ2
− 36 (270z2 + 111z + 76)H−2ζ2 + 36 (20z2 + 18z − 13)H3ζ2 − 36 (136z2 + 242z + 93) ζ3ζ2
+ 72
(
70z2 + 66z + 33
)
H−2,−1ζ2 − 72
(
50z2 + 90z + 17
)
H−2,0ζ2 + 36
(
88z2 − 2z + 47)H2,0ζ2
+ 288
(
8z2 − z + 6)H2,1ζ2 − 108 (16z2 + 14z + 7)H−1,0,0ζ2 + 324(2z − 1)(4z − 1)H0,0,0ζ2
− 144 (19z2 + 22z + 8)H−2ζ3 + 108 (52z2 + 30z + 27)H2ζ3 − 36 (163z2 + 166z + 83)H−1ζ4
+ 9
(
136z2 − 38z − 425)H0ζ4 − 36 (136z2 − 1206z + 77) ζ5 − 144 (25z2 + 28z + 14) ζ3H−1,0
− 144(41z + 27)ζ3H0,0 + 1
3
1
z
[
− 4 (98z3 − 12231z2 − 702z − 1256)H2
− 2 (49619z3 − 58657z2 + 11376z − 12536) ζ2 + 2 (23245z3 + 33484z2 + 17579z + 5436)H−1,0
24
− 2 (43978z3 − 43401z2 + 9435z − 9490)H1,0 + 2 (6748z3 − 12541z2 + 7796z − 918)H1,1]
+
1
z(z + 1)
[
2
(
3233z4 + 7511z3 + 5946z2 + 2238z + 624
)
H0ζ2
− 2 (8577z4 + 1403z3 − 6989z2 − 1467z − 1544)H1ζ2 − 2 (509z4 − 13207z3 − 8142z2 + 2178z − 3288) ζ3
+ 6
(
2059z4 + 2811z3 + 1118z2 + 556z + 208
)
H2,0 + 4
(
7486z4 + 123z3 − 6050z2 − 235z − 1494)H1,0,0
− 2 (8519z4 − 1361z3 − 6983z2 + 805z − 1984)H1,1,0]+ 1
z
[
4
(
851z3 + 1062z2 + 246z + 272
)
H−1ζ2
− 8 (422z3 + 393z2 + 96z + 116)H−1,2 − 4 (92z3 − 1678z2 + 1463z − 208)H1,2
− 4 (445z3 − 861z2 − 111z − 116)H2,1 + 8 (7z3 + 276z2 + 54z + 40)H−1,−1,0
− 4 (393z3 + 431z2 + 124z + 484)H−1,0,0 − 4 (337z3 − 194z2 + 175z + 40)H1,1,1]
+ 3
1
z(z + 1)2
[
12
(
102z5 + 456z4 + 671z3 + 398z2 + 103z + 16
)
H2ζ2
+ 4
(
1757z5 + 2308z4 − 811z3 − 1470z2 − 42z + 48)H0ζ3
+
(
5103z5 + 22925z4 + 31855z3 + 17187z2 + 5012z + 1840
)
ζ4
− 4 (155z5 + 1756z4 + 3167z3 + 1830z2 + 426z + 144)H2,0,0]
+ 3
1
(z + 1)2
[
4
(
436z4 + 473z3 − 323z2 − 321z + 30) ζ2H0,0 + 36 (19z4 − 37z3 − 138z2 − 89z − 8)H3,0
+ 4
(
436z4 + 1133z3 + 1024z2 + 393z + 84
)
H2,1,0
]
− 864 (z2 + 1)H−2,−1,−1,0
− 36 (80z2 + 254z + 5)H−2,−1,0,0 + 72 (10z2 + 78z − 7)H−2,0,0,0
+ 216
(
8z2 + 10z + 5
)
(H−1,2,0,0 − ζ2H−1,2) + 72
(
4z2 − 2z − 1)H−1,2,1,0 − 24 (108z2 − 345z − 55)H0,0,0,0
+ 3
1
z
[
− 12 (58z3 + 72z2 + 33z + 8)H−1ζ3 − 4 (555z3 − 307z2 + 38z − 176)H1ζ3
+ 4
(
298z3 + 414z2 + 189z + 40
)
ζ2H−1,−1 − 4
(
401z3 + 264z2 − 30z + 56) ζ2H−1,0
− 4 (287z3 − 389z2 + 97z − 96) ζ2H1,0 − 8 (112z3 − 98z2 − 5z − 20) ζ2H1,1
+ 4
(
624z3 − 761z2 + 217z − 112)H1,3 + 12 (97z3 − 172z2 − 59z − 16)H2,2
− 8 (205z3 + 195z2 + 39z + 16)H−1,−2,0 − 16 (8z3 + 69z2 − 60z − 8)H1,−2,0
− 4 (471z3 − 539z2 + 220z − 64)H1,1,2 + 4 (457z3 − 352z2 − 25z − 48)H1,2,0
− 4 (383z3 − 404z2 + 124z − 48)H1,2,1 − 16 (53z3 + 6z2 − 2)H2,1,1 + 8 (74z3 + 84z2 + 51z + 8)H−1,−1,−1,0
− 12 (286z3 + 245z2 + 16z + 24)H−1,−1,0,0 + 4 (647z3 + 494z2 + z + 48)H−1,0,0,0
− 4 (233z3 − 63z2 − 147z − 8)H1,0,0,0 + 4 (845z3 − 685z2 − 4z − 112)H1,1,0,0
− 4 (734z3 − 811z2 + 233z − 112)H1,1,1,0 − 4 (14z2 − 61z − 8)H1,1,1,1]− 36 (52z2 − 118z − 11)H2,0,0,0
− 36 (20z2 + 198z + 43)H2,1,0,0 + 36 (20z2 + 94z + 27)H2,1,1,0 + 144(4z + 1)H2,1,1,1
+ 72
(
2z2 + 2z + 1
)(
28ζ2H−1,−2 + 4ζ3H−1,−1 + 10H−1,4 − 16H−2,2,1 − 24H−1,−3,0 − 24H−1,−2,2
− 18ζ2H−1,−1,−1 + 18ζ2H−1,−1,0 − 11H−1,−1,3 + 10H−1,2,2 − 10H−1,3,1 + 8H−1,−2,−1,0 − 16H−1,−2,0,0
+ 2H−1,−1,−2,0 + 18H−1,−1,−1,2 + 16H−1,−1,2,1 + 4H−1,2,1,1 + 7H−1,−1,−1,0,0 − 3H−1,−1,0,0,0 + 13H−1,0,0,0,0
)
+ 432(15z − 4)H0,0,0,0,0 − 18
(
2z2 − 2z + 1)(57H1ζ4 − 24ζ2H1,−2 − 120ζ3H1,0 + 172ζ3H1,1 − 4ζ2H1,2
+ 4H1,4 − 56H1,−3,0 + 16H1,−2,2 − 44ζ2H1,0,0 + 32ζ2H1,1,0 + 16ζ2H1,1,1 − 64H1,1,3 − 28H1,2,2 − 76H1,3,0
25
− 20H1,3,1 − 16H1,−2,−1,0 + 140H1,1,1,2 − 8H1,1,2,0 + 80H1,1,2,1 − 116H1,2,0,0 − 4H1,2,1,0 + 40H1,2,1,1
+ 44H1,0,0,0,0 + 76H1,1,0,0,0 − 52H1,1,1,0,0 + 172H1,1,1,1,0 − 120H1,1,1,1,1
)}
+
1
27
CACFTF
{
920124z3 − 57058z2 − 834293z − 116208
72z
+
1
9
(−26970z2 − 32212z − 13165)H0
+
2
9
(
48075z3 + 15479z2 − 60229z − 2285) 1
z
H1 − 8
3
(
2672z2 + 3701z + 2576
)
H2
+ 12
(
179z2 − 278z + 134)H3 − 12 (631z2 + 78z − 6)H4 + 144 (8z2 + 16z + 11)H5
− 144 (28z2 − 14z + 25)H−4,0 − 72 (63z2 + 84z + 139)H−3,0 + 144 (44z2 + 10z + 23)H−3,2
+ 36
(
70z2 + 194z − 339)H−2,0 + 216 (16z2 + 28z + 15)H−2,2 + 144 (47z2 + 30z + 23)H−2,3
+ 18
(
125z2 − 824z − 929)H−1,0 + 72 (28z2 + 82z + 55)H−1,2 + 216(z + 1)(13z + 10)H−1,3
+
1
3
(−47946z2 + 26249z + 1745)H0,0 + 4 (694z2 − 881z − 2)H2,1 − 72 (14z2 − 7z − 18)H2,2
+ 144
(
3z2 − 40z + 9)H2,3 + 12 (172z2 + 186z + 3)H3,1 + 144 (4z2 − 14z + 1)H3,2 + 576(1− z)H4,0
+ 72
(
4z2 − 10z − 3)H4,1 − 144 (10z2 − 10z + 1)H−3,−1,0 + 144 (25z2 + 8z + 4)H−3,0,0
+ 144
(
8z2 − 22z + 3)H−2,−2,0 + 216 (z2 + 20z + 6)H−2,−1,0 − 288 (33z2 + 14z + 17)H−2,−1,2
− 36 (45z2 + 79)H−2,0,0 + 144 (4z2 + 22z + 3)H−2,2,0 + 1152zH−2,2,1 + 72 (27z2 + 92z + 53)H−1,−2,0
− 72 (35z2 + 64z + 36)H−1,−1,0 − 432(z + 1)(8z + 11)H−1,−1,2 + 36 (27z2 − 98z − 133)H−1,0,0
+ 72
(
5z2 − 18z − 14)H−1,2,0 + 144(z − 7)(z + 1)H−1,2,1 − 432 (3z2 + 2z + 1)H−1,3,0
+
(
1836z2 + 11222z + 299
)
H0,0,0 − 288
(
9z2 − 34z + 22)H1,−2,0 + 1
z
[
4
(
349z3 − 1290z2 + 1056z − 16)H1,2
+ 8
(
21z3 + 74z2 + 20z + 46
)
H1,1,1
]
− 288 (2z2 − 4z + 5)H2,−2,0 + 12 (176z2 + 128z − 37)H2,1,1
+ 72
(
76z2 − 34z + 35)H2,1,2 − 288 (2z2 + 7z + 1)H2,2,0 + 72 (18z2 − 46z + 11)H2,2,1
− 72 (10z2 − 22z + 17)H3,0,0 − 144 (31z2 + 4z + 9)H3,1,0 − 288 (2z2 + 3z + 2)H3,1,1
− 72 (98z2 + 10z + 47)H−3ζ2 − 108 (31z2 + 36z + 24)H−2ζ2 − 36 (91z2 + 228z + 146)H−1ζ2
− 432 (17z2 − 10z + 5)H3ζ2 + 72 (128z2 − 6z + 77) ζ3ζ2 + 216 (38z2 + 18z + 21)H−2,−1ζ2
− 72 (102z2 + 54z + 59)H−2,0ζ2 + 108 (31z2 + 60z + 34)H−1,−1ζ2 − 36 (93z2 + 254z + 143)H−1,0ζ2
+ 432
(
8z2 + 6z + 3
)
H−1,2ζ2 − 72
(
8z2 − 86z + 25)H2,0ζ2 − 288 (z2 − 11z + 6)H2,1ζ2
− 72 (52z2 + 46z + 23)H−1,0,0ζ2 − 144 (8z2 + 14z + 11)H0,0,0ζ2 − 144 (42z2 + 18z + 23)H−2ζ3
− 72 (37z2 + 66z + 32)H−1ζ3 + 72 (20z2 − 38z − 31)H2ζ3
+ 3
(−1601z5 − 8772z4 − 15458z3 − 10812z2 − 2351z + 192) 1
z(z + 1)2
ζ4 + 18
(
454z2 + 442z + 221
)
H−1ζ4
− 18 (148z2 − 130z + 167)H0ζ4 + 36 (304z2 − 974z − 49) ζ5 − 72 (70z2 + 82z + 41) ζ3H−1,0
+ 72
(
4z2 − 66z − 33) ζ3H0,0 + 1
3
1
z
[
2
(
11111z3 − 7057z2 + 12248z − 1296) ζ2
− 2 (6190z3 − 5051z2 − 1007z − 404)H1,0 + 4 (564z3 + 905z2 − 1894z + 661)H1,1]
+
1
z + 1
[
2
(
2239z3 + 1765z2 + 180z + 708
)
H2,0 − 6
(
367z3 − 1173z2 − 1254z + 268)H0ζ2]
+
1
z(z + 1)
[
− 2 (59z4 − 1351z3 + 513z2 + 1999z − 32)H1ζ2
− 2 (7677z4 − 4303z3 − 16010z2 − 5458z − 1536) ζ3 − 4 (710z4 − 563z3 − 575z2 + 736z + 92)H1,0,0
+ 2
(
2087z4 − 763z3 − 1863z2 + 655z − 224)H1,1,0]
26
+ 3
1− z
z
[
4
(
7z2 + 49z + 16
)
ζ2H1,1 − 96
(
17z2 + 2
)
H1,2,1
]
+ 3
1
(z + 1)2
[
12
(
37z4 + 36z3 − 72z2 − 104z − 39)H2ζ2 + 4 (388z4 + 1034z3 + 889z2 + 228z − 6)H0,0ζ2
+ 4
(
1132z4 + 3764z3 + 4405z2 + 2046z + 255
)
H0ζ3 − 4
(
613z4 + 494z3 − 758z2 − 546z + 84)H3,0
− 12 (199z4 + 282z3 + 45z2 + 40z + 72)H2,0,0 + 12 (57z4 + 76z3 − 24z2 − 48z − 11)H2,1,0]
− 144 (18z2 + 2z + 5)H−2,−1,−1,0 − 72 (64z2 + 70z + 27)H−2,−1,0,0 + 72 (90z2 + 70z + 37)H−2,0,0,0
− 216 (z2 + 16z + 10)H−1,−1,−1,0 + 36(5z + 8)(9z + 10)H−1,−1,0,0 − 36 (13z2 − 26z − 9)H−1,0,0,0
− 288 (7z2 + 4z + 2)H−1,2,0,0 + 864 (5z2 + 4z + 2)H−1,2,1,0 − 12 (948z2 − 230z + 121)H0,0,0,0
+ 3
1
z
[
− 24 (88z3 − 187z2 + 97z + 8)H1ζ3 − 4 (617z3 − 492z2 + 159z − 32) ζ2H1,0
+ 4
(
329z3 − 72z2 − 81z − 32)H1,3 + 8 (17z3 − 87z2 + 69z − 8)H1,1,2 − 4 (173z3 − 204z2 + 114z + 16)H1,2,0
− 4 (203z3 − 340z2 + 239z + 8)H1,0,0,0 − 4 (373z3 − 522z2 + 174z − 16)H1,1,0,0
+ 4
(
277z3 − 552z2 + 273z − 16)H1,1,1,0 + 8 (24z3 − 23z2 − 29z − 4)H1,1,1,1]+ 144 (7z2 − 24z − 2)H2,0,0,0
− 144 (7z2 − 14z − 3)H2,1,0,0 + 144 (47z2 − 14z + 10)H2,1,1,0 − 216 (20z2 − 18z + 11)H2,1,1,1
+ 72
(
2z2 + 2z + 1
)(
48ζ2H−1,−2 + 44ζ3H−1,−1 + 20H−1,4 + 32H−1,−3,0 − 60H−1,−2,2 − 62ζ2H−1,−1,−1
+ 58ζ2H−1,−1,0 − 53H−1,−1,3 + 10H−1,2,2 − 6H−1,3,1 − 24H−1,−2,−1,0 − 22H−1,−2,0,0 − 10H−1,−1,−2,0
+ 78H−1,−1,−1,2 − 4H−1,−1,2,0 − 4H−1,2,1,1 + 32H−1,−1,−1,−1,0 + 41H−1,−1,−1,0,0 − 51H−1,−1,0,0,0
+ 15H−1,0,0,0,0
)
+288(8z + 3)H0,0,0,0,0 + 18
(
2z2 − 2z + 1)(H1ζ4 − 24ζ2H1,−2 − 80ζ3H1,0 − 20ζ3H1,1
− 68ζ2H1,2 + 44H1,4 − 8H1,−3,0 − 16H1,−2,2 − 68ζ2H1,0,0 − 32ζ2H1,1,0 + 40ζ2H1,1,1 + 24H1,1,3 + 44H1,2,2
− 52H1,3,0 + 52H1,3,1 − 80H1,−2,−1,0 + 48H1,−2,0,0 − 32H1,1,−2,0 + 132H1,1,1,2 − 24H1,1,2,0 + 24H1,1,2,1
− 92H1,2,0,0 + 12H1,2,1,0 − 72H1,2,1,1 − 36H1,0,0,0,0 + 68H1,1,0,0,0 − 28H1,1,1,0,0
+ 180H1,1,1,1,0 − 240H1,1,1,1,1
)}
. (A.17)
6. Numerical fitting of the analytical results
Eq. (A.11) of appendix. 5 contains Harmonic Polylogarithms up to weight 5. To facilitate straightforward numerical
implementation, we provide in this appendix a numerical fitting for the coefficient functions. Following Ref. [113], we
use the following elementary functions to fit the results,
Lz ≡ ln z , Lz¯ ≡ ln(1− z) , z¯ ≡ 1− z . (A.18)
For two loop and three loop coefficient functions, we fit the exact results in the region 10−6 < z < 1−10−6 (Numerical
evaluation of HPLs are made with the HPL package [80]), and we have set the color factor to numerical values in QCD,
i.e.
CF =
4
3
, CA = 3 , Tf =
1
2
. (A.19)
In more detail, we subtract the z → 0 and z → 1 limits up to next-to-next-to-leading power (z1 and (1− z)1). Then
we fit the remaining terms in the region 10−6 < z < 1− 10−6. Combining the two parts, the fitted results can achieve
an accuracy better than 10−3 for 0 < z < 1. We shown below the numerical fitting with six significant digits. The full
numerical fitting is attached as ancillary files with the arXiv submission. The two loop scale independent coefficient
functions are given by
I
(2)
qq′ (z) =− 4.56035 + z3
(−0.0170296L3z − 0.143469L2z + 1.21562Lz − 3.60403)+ z2(0.000306717L3z − 1.77306L2z
27
+ 5.65477Lz + 3.57046
)
+ z
(
0.444444L3z − 0.666667L2z − 5.33333Lz + 1.89369
)
+ 0.444444L3z
− 0.666667L2z + 2.66667Lz − 0.00131644z5 + 0.0563783z4 + 1.33333z¯ +
2.64517
z
,
I
(2)
qq¯ (z) =I
(2)
qq′ (z) + z
3
(
23.8756L3z − 68.5281L2z + 391.31Lz − 479.112
)
+ z2
(
1.73989L3z + 29.5744L
2
z + 207.751Lz
+ 533.913
)
+ z
(−0.148148L3z − 0.888889L2z − 1.33333Lz + 6.98894)+ 0.148148L3z − 1.33333Lz
+ 1.66959z5 − 60.5553z4 − 0.444444z¯ − 2.90423 ,
I(2)qq (z) =I
(2)
qq′ (z) + (5.53086Nf + 14.9267)
1
(z¯)+
+Nf
{
z3
(−0.0532042L2z + 1.92031Lz − 4.39249)
+ z2
(
0.939547L2z + 3.50359Lz + 1.65854
)
+ z
(
0.444444L2z + 1.48148Lz + 2.36991
)
+ 0.444444L2z
+ 1.48148Lz + 0.0178399z
5 − 0.246399z4 + 4.24691z¯ − 7.90123
}
+ z3
(
3.49597L3z − 18.6432L2z + 60.163Lz
− 48.6244)+ z2 (−2.49636L3z − 11.0306L2z − 7.51243Lz + 59.7912)+ (z¯)3 (3.19726Lz¯ − 1.32635L2z¯)
− 7.11111L2z¯ + (z¯)2
(
13.4628Lz¯ − 2.37726L2z¯
)
+ 22.2222Lz¯ + z¯
(
3.55556L2z¯ − 17.7778Lz¯ − 0.105144
)
+ z
(−0.740741L3z − 10.L2z − 11.5556Lz + 1.87655)− 0.740741L3z − 2.L2z − 8.Lz
+ 0.070919z5 − 2.2589z4 − 10.2974 ,
I(2)qg (z) =− 52.3982 + z3
(−0.5403L3z + 15.2935L2z + 21.5425Lz − 103.137)+ z2(− 1.00863L3z − 20.4656L2z
− 24.7319Lz + 200.419
)
+ 0.555556L3z¯ + (z¯)
3 (−2.91634L3z¯ + 2.52056L2z¯ − 54.8176Lz¯)
+ (z¯)
2 (
0.982654L3z¯ + 2.72223L
2
z¯ − 15.0644Lz¯
)− 1.66667Lz¯ + z¯(− 1.11111L3z¯ − 4.66667L2z¯ + 5.Lz¯
+ 58.9092
)
+ z
(
2.44444L3z + 11.6667L
2
z + 6.66667Lz − 53.6197
)
+ 0.777778L3z − 1.16667L2z
+ 11.3333Lz + 4.0827z
5 − 16.7693z4 + 5.95164
z
. (A.20)
The fitted results for the three-loop coefficient functions in Eq. (A.12) are
Id33(z) = 32.
{
− z3 (−19156.8L5z + 199731.L4z − 2.18614× 106L3z + 1.2083× 107L2z − 4.5734× 107Lz + 7.52147× 107)
− z2 (−538.817L5z − 25014.2L4z − 500678.L3z − 5.37744× 106L2z − 3.09137× 107Lz − 7.59345× 107)
− (z¯)3 (1023.79L2z¯ + 121.796Lz¯)− (z¯)2 (−93.2504L2z¯ − 876.881Lz¯)
− z¯ (0.0241557L2z¯ − 0.278902Lz¯ − 0.582336)− z (−1.64493L3z + 3.75242L2z + 0.397826Lz − 774.514)
− 0.0333333L5z + 0.0833333L4z − 0.132844L3z − 0.339443L2z − 12.6418Lz + 8847.28z5 − 729429.z4 − 13.0667
}
,
(A.21)
I∗qq′(z) = Nf
{
− 50.3634 + z3 (0.117123L4z − 0.314883L3z + 3.53761L2z − 10.541Lz + 18.5347)+ z2(− 0.0026012L4z
+ 0.703183L3z + 0.199736L
2
z + 5.14781Lz − 24.9854
)
+ (z¯)
3 (−0.227266L3z¯ − 0.0305807L2z¯ − 3.18523Lz¯)
+ (z¯)
2 (−0.000912305L3z¯ + 0.865032L2z¯ + 1.85446Lz¯)+ z¯(− 0.0987654L3z¯ − 0.493827L2z¯ − 4.21399Lz¯
− 8.73525)+ z(− 0.246914L4z − 1.61317L3z − 8.77153L2z − 12.0035Lz + 51.7382)− 0.246914L4z − 1.61317L3z
− 10.5493L2z − 30.9665Lz + 0.102137z5 − 0.909082z4 +
5.88282
z
}
+ 307.912 + z3
(
1.80474L5z + 1.58169L
4
z
+ 92.844L3z + 24.4101L
2
z + 724.086Lz + 168.701
)
+ z2
(− 0.00854607L5z − 4.88703L4z − 33.0209L3z
+ 188.744L2z − 49.3191Lz + 147.078
)
+ (z¯)
3 (−2.52551L4z¯ + 13.1597L3z¯ − 119.84L2z¯ + 333.889Lz¯)
+ (z¯)
2 (
0.0720812L4z¯ + 1.43763L
3
z¯ + 24.7149L
2
z¯ + 192.782Lz¯
)
+ z¯
(
0.246914L4z¯ + 0.54321L
3
z¯ + 6.03113L
2
z¯
+ 38.031Lz¯ + 123.709
)
+ z
(
1.27407L5z + 2.34568L
4
z + 4.50092L
3
z − 70.7153L2z − 270.973Lz + 167.376
)
− 0.592593L5z + 6.79012L4z − 46.4127L3z + 86.421L2z − 470.887Lz
+
−78.9847Lz − 466.384
z
+ 10.7916z5 − 335.475z4 , (A.22)
28
I∗qq(z) =
(−9.09324N2f + 154.257Nf + 140.136) 1(z¯)+ +N2f
{
z3
(
0.666009L3z − 4.08064L2z + 13.5087Lz − 13.4503
)
+ z2
(−0.610414L3z − 2.30736L2z + 0.622374Lz + 20.7035)+ z(− 0.329218L3z − 0.855967L2z − 1.18519Lz
− 6.71567)− 0.329218L3z − 2.43621L2z − 5.66255Lz − 0.000436414z5 − 0.405417z4 − 14.1598z¯ + 15.8093}
+Nf
{
z3
(−11.0536L4z + 57.1168L3z − 406.207L2z + 1183.43Lz − 2303.63)+ z2(3.38122L4z + 37.927L3z
+ 212.612L2z + 982.488Lz + 2012.66
)
+ 2.107L3z¯ + (z¯)
3 (
0.189723L3z¯ + 1.80938L
2
z¯ − 2.62339Lz¯
)
+ 10.3704L2z¯ + (z¯)
2 (
0.69507L3z¯ + 5.12831L
2
z¯ − 15.0284Lz¯
)− 10.4458Lz¯ + z¯(− 1.0535L3z¯ − 7.60494L2z¯
+ 48.0993Lz¯ + 439.611
)
+ z
(
0.855967L4z + 12.6639L
3
z + 16.4326L
2
z + 43.9956Lz + 164.293
)
+ 0.855967L4z
+ 11.9396L3z + 59.1809L
2
z + 187.752Lz − 1.34066z5 + 82.5779z4 − 312.745
}
+ z3
(
15.3681L5z − 12.7492L4z
+ 195.91L3z + 1220.54L
2
z − 4589.86Lz + 14892.1
)
+ z2
(− 2.96846L5z − 62.4209L4z − 385.992L3z − 2295.84L2z
− 8061.05Lz − 14175.7
)− 34.7654L3z¯ + (z¯)3 (−9.48494L3z¯ − 52.1748L2z¯ + 111.502Lz¯)− 5.09037L2z¯
+ (z¯)
2 (−11.021L3z¯ − 85.3807L2z¯ + 413.664Lz¯)+ 637.843Lz¯ + z¯(− 7.90123L3z¯ + 9.5085L2z¯ − 487.943Lz¯
− 2438.69)+ z (−0.301235L5z − 13.037L4z − 60.4295L3z + 90.2398L2z + 400.357Lz + 265.017)− 0.301235L5z
− 8.69136L4z − 69.1867L3z − 286.991L2z − 913.865Lz + 9.73661z5 − 868.539z4 + 1033.69 , (A.23)
I∗qq¯(z) =
9Nf
4
{
z3
(−37.3313L4z + 69.5328L3z − 1189.55L2z + 2193.6Lz − 4962.46)+ z2(− 0.0538545L4z + 8.68065L3z
+ 179.886L2z + 1428.28Lz + 4299.55
)
+ 0.101532 (z¯)
3
Lz¯ + 0.0172219 (z¯)
2
Lz¯ + z¯ (0.395062Lz¯ + 0.460905)
+ z
(
0.131687L4z + 0.877915L
3
z + 4.86623L
2
z + 11.488Lz − 9.51143
)− 0.131687L4z − 0.943759L3z − 3.41767L2z
− 4.49137Lz − 16.6625z5 + 688.059z4 + 1.02498
}
+
9
4
{
z3
(− 1385.38L5z + 15741.4L4z − 165914.L3z + 944859.L2z
− 3.53957× 106Lz + 5.88567× 106
)
+ z2
(− 42.7578L5z − 1977.89L4z − 39497.9L3z − 422824.L2z
− 2.42091× 106Lz − 5.92341× 106
)
+ 3.3635 (z¯)
3
Lz¯ − 1.78893 (z¯)2 Lz¯ + z¯ (−4.98979Lz¯ − 13.046)
+ z
(
0.0148148L5z − 1.48148L4z − 13.6105L3z − 83.3483L2z − 64.0087Lz + 105.151
)− 0.0148148L5z
+ 1.08642L4z + 10.911L
3
z + 17.5783L
2
z + 6.83186Lz − 246.269z5 + 37870.3z4 + 15.737
}
, (A.24)
I(3)qg (z) = Nf
{
532.389 + z3
(
3.23607L5z − 4.68217L4z + 120.483L3z − 119.874L2z + 453.908Lz + 442.25
)
+ z2
(−0.0565211L5z − 3.10462L4z − 20.1426L3z − 202.066L2z − 561.287Lz + 424.055)− 0.154321L4z¯
− 0.823045L3z¯ + (z¯)3
(
2.61221L4z¯ − 9.9784L3z¯ + 116.968L2z¯ − 267.94Lz¯
)
+ 1.48131L2z¯
+ (z¯)
2 (−0.378008L4z¯ − 4.9419L3z¯ − 38.9532L2z¯ − 203.044Lz¯)+ 22.2518Lz¯ + z¯(0.308642L4z¯ + 2.38683L3z¯
+ 3.85219L2z¯ − 18.9149Lz¯ − 275.431
)
+ z
(− 0.355556L5z − 3.65432L4z − 21.6379L3z − 75.7833L2z − 71.9808Lz
− 1040.7)+ 0.177778L5z + 1.2716L4z + 14.2634L3z + 67.2339L2z + 216.898Lz − 2.00607z5 − 287.428z4 + 11.9546z
}
− 3636.55 + z3 (−259.099L5z + 3952.96L4z − 34085.L3z + 221224.L2z − 768027.Lz + 594756.)
+ z2
(−10.1315L5z − 463.996L4z − 8964.71L3z − 91774.6L2z − 536653.Lz + 96171.9)− 0.925926L5z¯
+ 2.36111L4z¯ + 14.151L
3
z¯ + (z¯)
3 (−264.815L5z¯ + 1791.21L4z¯ − 23536.1L3z¯ + 107809.L2z¯ − 431667.Lz¯)
− 34.2113L2z¯ + (z¯)2
(−5.38358L5z¯ − 180.755L4z¯ − 3771.6L3z¯ − 43136.2L2z¯ − 262007.Lz¯)− 103.526Lz¯
+ z¯
(
1.85185L5z¯ + 1.08025L
4
z¯ − 37.8328L3z¯ − 107.055L2z¯ + 85.0903Lz¯ + 2491.42
)
+ z
(
10.2642L5z
+ 65.8827L4z + 175.497L
3
z − 49.2838L2z − 1754.58Lz − 692466.
)− 1.98519L5z + 5.08025L4z − 171.088L3z
− 103.238L2z − 2331.02Lz +
−177.716Lz − 1109.28
z
+ 1274.6z5 + 4328.89z4 . (A.25)
